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1. Introduction.

This paper, a continuation of [2[{[7], aims to carry on the poject of establish-
ing model-theoretic concepts and methods within the topoffical context; namely
that of compacta (i.e., compact Hausdor spaces). Since the is a precise duality
between the categories of compacta (plus continuous maps)dacommutative B ™~
algebras (plus nonexpansive linear maps) (the Gel'fand-Nerk theorem [20]), our
enterprise may also be seen as part of Banach model theoryg($21]{[15]). The main
di erence is that we are doing Banach model theory \in the miror,” so to speak,
and it is often the case that a mirror can help one focus on faaes that might
otherwise go unnoticed. The paragraph introducing Theorem.5 below illustrates
this. The algebraic/model-theoretic technique of \addingroots" in order to produce
algebraically closed extensions of elds (and, more gendyaexistentially closed ex-
tensions of models of a universal-existential theory) mayelused to produce new kinds
of compacta. Some of these, the-existentially closed continua, are indecomposable
and unidimensional. It is dicult to see how this result would have been possible,
had we been focusing on commutative ~algebras.

In the interests of being as self-contained as possible, wegent a quick review of
our main tool, the topological ultracoproduct constructim. It is this construction,
plus the landmark ultrapower theorem of Keisler-Shelah [8jhat gets our project o
the ground. (Detailed accounts may be found in [2]){[6] and (1.)

We let CH denote the category of compacta and continuous maps. In mddke-
ory, it is well known that ultraproducts may be described in he language of category
theory; i.e., as direct limits of (cartesian) products, whee the directed set is the ultra-
Iter with reverse inclusion, and the system of products casists of cartesian products
taken over the various sets in the ultra lter. (Bonding mapsare just the obvious re-

striction maps.) When we transport this framework to the ca¢gory-opposite ofCH,
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the result is the topological ultracoproduct (i.e., take an inverse limit of coprod-
ucts), and may be concretely described as foIIovElGiven cpacta [X; : i 1T and
an ultralter D on I, let Y be the disjoint union ;£X; % {i}) (a locally compact
space). Withq :Y - 1 the natural projection onto the second coerdinate (where
I has the discrete topology), we then have the Stor@ech lifting q? : B(Y) — B(I).
Now the ultra lter D may be naturally viewe n element @(1), and it is not hard
to show that the topological ultracoproduct 5 X; is the pre-image ¢*)~'[D]. (The
reader may be familiar with the Banach ultraproduct [9]. Ths construction is indeed
the ultraproduct in the category of Banach spaces and noneapsive linear maps, and
may be telegraphically described using the recipe: take tlhusual ultraproduct, throw
away the in nite elements, and mod out by the subspace of in itesimals. Letting
C(X) denote the Banach space of continuous real-valued (or coley-valued) contin-
uous functi with X as domain, the Banach ultraproduct offQ(X;) : i [CITVia D
is just C( p Xi).)

If X; = X for all i I then we have thetopological ultracopower XI\D, a
subspace o3(X % I). In this case there is the StoneSech lifting p? of the natural
rst-coerdinate map p : X x 1 - X. Its restriction to the ultracopower is a con-
tinuous surjection, called thecodiagonal map, and is o cially denoted px p (with
the occasional notation-shortening alias possible). Thimap is dual to the natural
diagonal map from a relational structure to an ultrapower othat structure, and is
not unlike the standard part map from nonstandard analysi3.

When attention is restricted to the full subcategoryBS of Boolean spaces, Stone
duality assures us that the ultracoproduct construction miches perfectly with the
usual ultraproduct construction for Boolean lattices. Ths says that \dualized model
theory" in BS is largely a predictable rephrasing of the usual model thepiof the
elementary class of Boolean lattices. In the categofyH, however, there is no similar
match (see [1, 18]); one is forced to look for other (less dite model-theoretic aids.
Fortunately there is a nitely axiomatizable AE Horn class d bounded distributive
lattices, the so-callednormal disjunctive lattices [6] (also called Wallman lattices
in [5]), comprising precisely the (isomorphic copies ofattice bases, those lattices
that serve as bases for the closed sets of compacta. (To be enspeci c: The normal
disjunctive lattices are precisely those bounded latticed such that there exists a
compactum X and a meet-dense sublatticéA of the closed set latticeF (X) of X
such that A is isomorphic to A.) We go from lattices to spaces, as in the case of
Stone duality, via the maximal spectrum S( ), pioneered by H. Wallman [22].
S(A) is the space of maximal proper lters ofA; a typical basic closed set irB(A) is
the set a“of elements ofS(A) containing a given elementa [CA. S(A) is generally
compact with this topology. Normality, the condition that if a and b are disjoint
(a [h¥ [, dhen there area’ bYsuch thata [a¥= b [h9= [and a”[hi= [_ehsures
that the maximal spectrum topology is Hausdor . Disjunctivity, which says that for
any two distinct lattice elements there is a nonbottom elen that is below one and
disjoint from the other, ensures that the mapa @ a“takes A isomorphically onto the
canonical closed set base f@(A). S() is contravariantly functorial: If f: A - B
is a homomorphism of normal disjunctive lattices and [CSIB), then fS(M) is the
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unique maximal lter extending the prime Iter f~![M]. (For normal lattices, each
prime Iter is contained in a unique maximal one.)

The ultrapower theorem states that two relational structues are elementarily
equivalent if and only if some ultrapower of one is isomorphito some ultrapower of
the other. One may easily extend this result, by the use of add constant symbols,
to show that a function f : A - B between structures is an elementary embed-
ding if and only if there is an isomorphism of ultrapowers : A'/D - BY/E such
that the obvious mapping square commutes; i.e., such thak - f = h - dp, where
dp and dz are the natural diagonal embeddings. This characterizatiois used, in a
thoroughly straightforward way, to define what it means for two compacta to beco-
elementarily equivalent and for a map between compacta to be eo-elementary
map. It is a relatively easy task to show, then, thatS( ) converts ultraproducts to
ultracoproducts, elementarily equivalent lattices to caelementarily equivalent com-
pacta, and elementary embeddings to co-elementary maps.rthermore, if f : A - B
is aseparative embedding; i.e., an embedding such that if Cc¥ [inlB, then there
existsa [CAlsuch that f(a) = b and f(a) Cck [ then S is a homeomorphi see
[2, 4,5, 6, 10]). Because of this, there is much exibility itnow we may obtain %
Simply choose a lattice basé\; for eachX; and apply S() to the ultraproduct 5 A;.

The spectrum functor falls far short of being a duality, exqe when restricted to
the Boolean lattices. For this reason, one must take care ntt jump to too many
optimistic conclusions; such as inferring that if compactX andY are co-elementarily
equivalent, then there must be lattice base#\ for X and B for Y such that A = B.
Similarly, one may not assume that a co-elementary map is dfi¢ form S for some
elementary embedding. This \representation problem" haset to be solved.

2. An Ordinal-indexed Hierarchy of Maps.

Recall the de nition of quanti er rank for rst-order formu las in prenex normal
form: ¢ is of rank O if it is quanti er free; for k < w, ¢ is of rank K+ 1 if ¢ is
of the form ny, where  is a prenex formula of rankk, and m is a pre x of like
quanti ers, of polarity opposite to that of the leading quarti er of  (if there is one).
We use the notationd(Xy, ..., X,) to mean that the free variables occurring inp come
from the set{xy,...,xn}. For k < w, a function f : A -~ B between structures is
a map of level = k if for every formula ¢(x; ..., X,) of rank k and every n-tuple
[@,...,a,from A, A E ¢[ay,...,a,] (if and) only if B E ¢[f(ai),...,F(a,)]. (The
obvious substitution convention is being followed here.) Bps of level= 0 are just
the embeddings; maps of levek 1 are often calledexistential embeddings. (So the
image under an existential embedding of one structure intonather is existentially
closed in the larger structure.) Of course an embedding iseetentary if and only if
it is of level = w; i.e., of level=k for all k < .

The following result is well known (see [21]), and forms thealsis upon which we
can export the model-theoretic notion ofmap of level k to the topological context. A
function f : A — B between relational structures is a map of levet k+1 if and only
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if there are functionsg : A -~ C, h: B - C such thatg is an elementary embedding,
h is a map of level= k, andg = h- f. (C may be taken to be an ultrapower ofA,
with g the natural diagonal.)

We then de ne the notion of map of level k in the compact Hausdor context by
use of this characterization.f : X - Y is oflevel = 0 if it is a continuous surjection;
fork < w, f is oflevel = k+1 if there are functionsg:Z - Y, h:Z - X such that
g is a co-elementary maph is a map of level= k, andg = f - h. If f happens to be of
level = k for every k < w, there is no obvious reason to infer thaf is co-elementary.
It therefore makes sense to carry the hierarchy into the tranite, taking intersec-
tions at the limit stages and mimicking the inductive stage bove otherwise. Thus
we may talk of maps of level= a for a any ordinal. Clearly co-elementary maps are
of level = a for eacha, but indeed there is no obvious assurance that the converse
is true. The main goal of this section is to show that being oklel = w is in fact
equivalent to being co-elementary.

2.1. Remarks. (i) Co-elementary equivalence is known [2, 5, 10] to preservepior-
tant properties of topological spaces, such as being in rt being a continuum (i.e.,
connected), being Boolean (i.e., totally disconnected),aking (Lebesgue covering)
dimensionn, and being a decomposable continuum. ff: X - Y is a co-elementary
map in CH, then of courseX and Y are co-elementarily equivalentX =Y ). More-
over, sincef is a continuous surjection (see [2]), additional informatin about X is
transferred to Y. For instance, continuous surjections inCH cannot raiseweight
(i.e., the smallest cardinality of a possible topologicaldse, and for many reasons the
right cardinal invariant to replace cardinality in the dualized model-theoretic setting),
so metrizability (i.e., being of countable weight in the comact Hausdor context)
is preserved. Also local connectedness is preserved, siogetinuous surjections in
CH are quotient maps. Neither of these properties is an invané of co-elementary
equivalence alone.

(i) A number of properties, not generally preserved by contiraus surjections be-
tween compacta, are known [7] to be preserved by co-existiahi(i.e., level = 1) maps.
Among these are: being in nite, being disconnected, havindimension< n, and be-
ing an (hereditarily) indecomposable continuum.

As is shown in [2], co-elementary equivalence is an equivate relation (the stick-
ing point being transitivity, of course), and the compositbn of co-elementary maps
is again a co-elementary map. Furthermore, there is the foiling \closure under
terminal factors” property: If ¥ andgef are co-elementary maps, then so s What
makes these (and many other) results work is the followingriena, an application of a
strong form of Shelah's version of the ultrapower theoremde [7, 19]). The following
is a slight rephrasing of Lemma 2.1 in [7], and is proved thersa way.

2.2. Lemma. Let OIX;, T35, Ys[10 [_1[be a family of triples, wheref; either indi-
cates co-elementary equivalence betweety and Y;, or is a co-elementary map from
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X5 to Y5, both spaces being compacta. Then there is a single ultradt witness to
the fact. More precisely, there is an ultra lter D on a setl and a family of homeo-
morphisms[h : XsI1\D - YsI\D : 6 [1C3uch that f5 < px,p = Ppv,;p ° hs whenever
f; is a co-elementary map.

In order for us to prove any substantial results concerning aps of level= q,
we must extend the ultracoproduct construction from compda to continuous maps
between compacta. This was originally done in [2], but we ngdo establish some
new facts about this construction.

Recall thalr_i_fﬁi X = Yjis tinuous map for each and D is an ultra lter
onl,then Fi: pXi - pYimay be dened as (1), where ff is just
\pulling closed sets back to closed sets," and the ultrapractt map at the lattice level
is de ned in the usual way. When all the mapsf; are equal to a single magf, we
have the ultracopower map, which we denotBI\D. It is straightforward to show that
ultracoproducts of continuous surjections (resp., homearphisms) are again contin-
uous surjections (resp., homeomorphisms). In particulaihe ultracopower operation
() I\D is an endofunctor on the categorfCH.

2.3. Proposition. Ultracoproducts of co-elementary maps are co-elle;mﬁntaryalp&
More speci cally, if {i [11: f; is a co-elementary map [D, then T is a co-
elementary map also.

Proof. Let f; : X; - Yjbegiven,i [IJandsetd := {i Il f; is a co-elementary map [ 1
D. We rst consider the special case wher&; = Y;K;\E;, and f; := pg, (the co-
diagonal map), fori [CJl. Then f; = dEi, the image under the maximal spectrum
functor of the canonical diagonal embedding takindr (Y;) to F(Y;)¥i/E;. Now each

dg, is an elementary embedding; and an easy consequence of tlie wWtraproduct
theorem is that ultraproducts of elementary embeddings arelementary. Si ()
converts elementary embeddings to co-elementary maps, wanclude that Tjis a
co-elementary map in this case.

In general, we have, fori [, homeomorphisms between ultracopowers; :
XiKi\D; - Y;L;\E;, with fi|°:°ﬁPi = pg ° hi. When we ta e uItra(i%Pduct,
commutativity is preserveg,__'? i IS a homeomorphism, and pp, and [ pg, are
both co-elementary. Thus [ T; is co-elementary, by closure under terminal factorsl 1

The following analogue of 2.3 can now be easily proved.

2.4. Corollary. For each ordinala, ultracoproducts of maps of level= a are maps
of level = a.

Proof. The proof is by induction ona. Ultracoproducts of continuous surjections are
continuous surjections, so the result is established for = 0. The inductive step at
limit ordinals is trivial, so it remains to prove the inductive step at successor ordinals.
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But this follows immediately from 2.3 and the de nition of beng of level=a+ 1. [

Next we need closure under compaosition.

2.5. Proposition. For each ordinala, the composition of two maps of levek a is
a map of level= a.

Proof. Again we prove by induction ona. There is no problem fora either zero
or a positive limit ordinal, so assume the composition of twonaps of level= a is
also of level=a, andletf : X - Y andg:Y - Z be maps of leve= a+ 1. By
de nition, there are mapsu : W - X, v :W - Y such that u is co-elementary,v
is of level= a, andu = T - v. By the co-elementarity ofu, there are ultracopowers
p:YI\D - Y,q:WJ\E - W, and a homeomorphismh : WJI\E - Y I\D such
that ueq = p~h. By our inductive hypothesis,v = q = h™! is of level= a; so we
are justi ed in assuming that the co-elementary part of a wihess to a map's being of
level = a may be taken to be an ultracopower codiagonal map.

Getting back to f and g, and using 2.2, therearemapg: YI\D - Y,h:YI\D -
X,q:ZI\D - Z,j:ZI\D - Y such that p and q are codiagonal mapsh and
Jj are maps of level= a, and the equalitiesp = f - h and q = g » j both hold. By
2.4, the ultracopower mapgl\D is of level= a + 1. Thus we have further witnesses
u:W - ZI\D andv : W - YI\D such that u is co-elementary,y is of level= q,
and u = (gI\D) ev. Now h - v is of level= a by our inductive hypothesis,q - v
is co-elementary by the long-established fact [2] that cdegnentarity is closed under
composition, and it is a routine exercise to establish thajeu = gof ohev. Thus
gefisoflevel=a+1. [

2.6. Corollary. Let a be an ordinal,f : X - Y a map of level= a+ 1. Then there
is an ultracopower mapp : YI\D - Y and a maph : YI\D - X of level= a such
that p= f - h.

Proof. This is immediate from 2.5, plus the de nitions ofco-elementary map and
map of level a+1. [

2.5 gives us the following analogue of closure under termitfiactors for co-elementary
maps.

2.7. Corollary. Let a be an ordinal. Ifh is of level= a and f - h is of level= a+1,
then T is of level= a + 1.

Proof. Let f: X - Y, h:Z - X be given, whereh is of level=a andg := foh
is of level= a + 1. Then we have, as witness to the level af, mapsu:W - Y and
v : W - Z such that u is co-elementary,v is of level= a, andu = g -v. By 2.5,
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heovis of level= a, and we have a witness to the fact thaf is of level=a+ 1. []

We may now establish a needed consequence of 2.3, 2.4, and 2.5

2.8. Proposition. Let f: X - Y be a map of level= w between compacta. Then
there are mapsy: Z — Y andh: Z - X such that g is co-elementaryh is of level
= w, andg = f-h. Moreover,g may be taken to be an ultracopower codiagonal map.

Proof. For eachk < w, fis of level= k+ 1. Soletgsx : Zx - Y and hy :
Z, - X witness the fact; eachgy is co-elementary, eacty is of level = k, and
gk = T o hy. Let D be any nonprincipal ultra lter on w. For eachk < w en
have {k [ : gk is co- entary andhy is of Ievqj;zI k} CD. By 2 DOk IS
co-elementary; by 2.4, phy is of level= w, and gk = (fw\D) < ( %!? Let
p: Xw\D - X andq:Y w\D be the codiagonal maqﬂhen, by 2% ( phy)is
of level = w. We also h he co-elementarity of - ( 5 0k), as well as the equality
fepe( phy) = q°( pok); hence the desired result. Further application of 2.5
makes it possible to arrange fog : Z - Y to be an ultracopower codiagonal map[1

In order to prove that maps of level= w are co-elementary, we need a result on

co-elementary chains. SupposelX, fn Xn+1 : N < wlis an w-indexed inverse system
of maps between compacta. Then there is a compactuX and mapsg, : X - X,

n < w, such that the equalitiesg, = T, ° gn+1 all hold. Moreover, X is \universal”

in the sense that ith, : Y — X, is any other family of maps such that the equations
h, = f, e hy41 all hold, then there is a uniquef : Y - X such thath, = g, f
forall n <w. X is thein e limit of the sequence, and may be described as the
subspace{[X}, X, ... 1 in<w Xn @ Xp = T(Xn+1) for eachn < w}. The limit map

gn is then just the projection onto the nth factor.

The inverse system is called ao-elementary chain if eachf, is a co-elementary
map. We would like to conclude that, with co-elementary chas, the limit maps g,
are also co-elementary. This would give us a perfect anal@gof the Tarski-Vaught
elementary chains theorem (see [8]). In the model-theoretversion, the proof uses
induction on the complexity of formulas, and is elegantly siple. In our setting,
however, it is not entirely obvious how to proceed with a prdo The result is still
true, but there is no simple elegant proof that we know of. Onproof is outlined in
[7] (see Theorem 4.2 there). It uses an elementary chains taue in Banach model
theory, plus the Gel'fand-Namark duality theorem. We present two more proofs in
the next section; ones that use only the techniques we havevd®ped so far.

An important step on the way to the co-elementary chains the@em is the result
that every map of level= w is co-elementary. It turns out that this step itself uses the
co-elementary chains theorem, but only in a weak form. Givemco-elementary chain

X, fn Xn+1 N < wlIwe say the chain isrepresentable if there is an elementary
chain @A, & Ans1: n < wCof normal disjunctive lattices such that, for eacin < w,
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Xn = S(An) and f, = r3.

2.9. Lemma. Let X, fn Xn+1 : N < wlbe a representable co-elementary chain,
with inverse limit X and limit maps g, : X - X,, h < ®. Then Eachg, is a co-
elementary map.

Proof. Let B, % Apsy:n< w [fepresent our co-elementary chain in the sense given
above. LetA be the direct limit of this direct system, with limit maps t, : A, - A.
Then the Tarski-Vaught theorem says that eacht,, is an elementary embedding. Since
the maximal spectrum functor converts elementary embeddjs to co-elementary
maps, we then haveY := S(A), and co-elementary maps,, ;= t3. Let f:Y - X
be de ned by the equalitiesh,, = g, o f. Applying the closed set functorF () to the
representing elementary chain, lettingi,, : A, —» F(X,) be the natural separative em-
bedding, we have the embeddingg, - u, : A, - F(X). We then getu : A - F(X),
denedby u-t, = gf cu, Letg:=uS:X - Y. Then we have, applyingS(), and
noting that the maps u; are canonical homeomorphismsi® =g, = h,=g. This implies
that f and g are inverses of one another; hence that the maps are co-elementary.[ 1]

We are now ready to prove the main result of this section.

2.10. Theorem. Every map of level= w is co-elementary.

Proof. Let fy : Xo - Yo be a map of level= w. We build a \co-elementary ladder"
over this map as follows: By 2.8, there are magp : Y1 - Yo and hy : Y; — X such
that go is co-elementaryhg is of level= w, and go = f, = hy. Moreover, we may (and
do) take go to be an ultracopower codiagonal map. Sinde, is of level= w, we have
mapsjo : X1 » Xg and f; : X; - Y; such that j, is co-elementary,f; is of level
= w, and jo = hg o f;. As before, we takegy to be an ultracopower codiagonal map.
This completes the rst \rung" of the ladder, and we repeat the process for the map
T, : X1 - Yi. In the end, we have two co-elementary chaingX,, " X1 1N < w0l
and Y}, & Ypaq : N < 0 with inverse limits X and Y respectively. For eacm < w,
let v, : X - X, andw, Y - Y, be the limit maps, de ned by the equalities
Vn = Jn °Vn+1, Wn = On © Wne.

Now each successive entry is an ultracopower of the last; lserthese co-elementary
chains are representable (by elementary chains of iteratedtrapowers). By 2.9, the
mapsv, and w, are co-elementary.

Consider now the mapsh, : Yp+1 - Xn, N < w. These, along with the mapsf,,
give rise to the existence of mapb: X - Y andh:Y - X that are unique with the
property that for all n < w, w,of = f, ov, andv, e h = h, ews+;. The uniqueness
feature ensures thatf and h are inverses of one another; thuk, is co-elementary, by
closure under terminal factors.[1



3. Inverse Limits of a-chains.

In this section we prove the co-elementary chains theorem two di erent ways,
both of which use 2.10.

If ais an ordinal, an inverse systeniX, fn Xn+1 - N < wlCof maps between com-
pacta is ana-chain if each f,, is a map of level= a. By the a-chains theorem, we
mean the statement that the limit maps of everya-chain are maps of leve: a. (So,
for example, the 0-chains theorem is a well-known exercis®&ecause of 2.10, the co-
elementary chains theorem is just the-chains theorem; and this case clearly follows
from the conjunction of the casesx < w. While we do ultimately prove the a-chains
theorem for generala, we rst take a slight detour and establish thea = w case
separately. The main reason for doing this (aside from the dathat we discovered
this case rst in an abortive attempt to establish the generhcase) is that it uses the
following result, which is of further use later on, as well aseing of some independent
interest.

3.1. Lemma. Let f: X - Y be a function between compacta, letr be an ordinal,
and let B be a lattice base forY . Suppose that for each nited [Blthere is a map
s . Y - Z;, of level = a, such that g5 = T is of level = a and for eachB [d]
95 [0s[B]] = B (i.e., B is gs-saturated). Then f is a map of level= a.

Proof. The proof below uses the basic idea for proving Theorem 3.3[ifl.

For each ordinala, let Ay be the assertion of the lemma for maps of levet a.
Then A, follows immediately from the conjunction of the assertion®\, for a nite.
In view of 2.10, then, we may focus our attention on the nite ase. While our proof
is not by induction, it does require a separate argument fohe casex = 0.

Let B [A. If 3 [{B}, then B is gs-saturated; sof~![B] = f[g; ‘[0s[B]]] =
[95 = F]71[g5[B]], a closed subset oK. Thus f is continuous. Supposd fails to be
surjective. Then, becausd is continuous, we have disjoint nonemptyB, C [Blwith
f[X] Bl Pick & [ {B,C}. Then both B and C are gs-saturated; hencegs[B],
and gs[C] are nonempty and disjoint. But thengs - T fails to be surjective. This
establishesA,.

In the sequel we xa < w, and prove the assertionrAg+;.

Let be the set of nite subsets of B. Using 2.2, there is a single ultra IterD on
a setl that may be used to witness the hypothesis oA,+1. To be precise, for each
d [ Ithe mapping diagram Dj consists of mapss, hs, ks, from ZsI\D to Zs, Y,
and X respectively, such thatp; is the codiagonal map (so co-elementaryhs and ks
are each of level= a, and ps = gs e hs = g5 = f © ks. To this diagram we adjoin the
codiagonal mapq : YI\D - Y, and dener = ks 2 (gsI\D) : YI\D - X. By 2.4
and 2.5,r is a map of level= a; we would be done, therefore, if the equality = for
were true. Not surprisingly, this equality is generally fade. What is true are the
equalitiesgs = q = gs T o r. To take advantage of this, we form an \ultracoproduct”
of the diagramsDs.
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For eachd [llet & := {y C1: & [y}. Then the set{§ : & 1} clearly
satis es the nite intersection property, and hence extend to an ultralter H on
. Form the \ H-ultracoproduct" diagram D in the obvious way. Then we have the
codiagonal mapsu : X \H - X andv :Y \H - Y. Moreover, again by 2.4
and 2.5,u -~ (r \H) is of level= a. We will be done, therefore, once we show that
foue(r \H =veo(q \H).

Now the map on the left is justve ((for) \H). Supposex (Y I\D) \H is sent
to y; under the left maplﬁ toy, unq%he right. Let yy:=[(f-r) \H](x) and
y5:=[q \HI(X). Then[ 1 Gl(yD) =[ w 0sl(yy)- Assumey; £ y,. Then, by the na-
ture of codiagonal maps, there exist disjoinB;, B, [(Bl containingy; andy, in their
respective interiors, such thaBf*/H Cyf'andB/H [y3 If 8 C{B,, B,}, then both
B aqd__Blz are gs-saturated. Thus{d s[B1]n gé[BZ]iII}] [H; h H Us5[B1]
qﬂ_d_l n 0s[B2] Ia.Le_ldisjoint subsets of | F(Z;5). Now H@ﬂ H%[) and

n0s[B2] T 4 gsl(ys); from which we conclude that [ dsl(YD B[ w1 0sl(Ys)-
This contradiction tells us that y; = y, after all, completing the proof. [

We can now give a new proof of the co-elementary chains thewréTheorem 4.2
in [7]), one where no Banach model theory is used.

3.2. Theorem. Let X, o Xn+1 . N < wlbe a co-elementary chain of compacta,
with inverse limit X. Then the limit maps g, : X - X,, n < w, are all co-elementary.

Proof. We rst prove a weak version of the theorem. This version appes as

Proposition 4.1 in [7]. Let X, fn Xn+1 : N < wlbe a co-elementary chain of

compacta. Then there exists a compactur and co-elementary map$, : Y - X,
n < w, such that all the equalitiesh, = f,  h,+; hold. The proof of this is quite
easy, and we repeat it here for the sake of completeness.

By 2.2, there is an ultra lter D on a setl and homeomorphism;, : Xn+:I\D -
XnI\D, n <, such that all the equalitiesp,, © k, = f, © ph+1 hold (where the maps
pn are the obvious codiagonals). LeY be the inverse limit of this system, with limit
mapsjn : Y - Xul\D. Since eactk, is a homeomorphism, so is eadgh, and we set
hn := pn © jn, @ co-elementary map. Clearlyf, - h,+1 = h, always holds, and there
isamaph:Y - X, uniquely de ned by the equalitiesg, = h = h,,.

Now consider the chain of embedding&a(X,,) f F(Xnh+1) : N < wLJwith direct
limit A, and limit embeddingsr, : F(X,) - A. Then (see the argument in 2.9) we
may treat X asS(A) and eachg,, asr>. (Note: we cannot hope for these embeddings
to be elementary.) For each nited [CA, there is a leastny < w such that each
member ofd is in the range ofr, for n = ns. This tells us that X has a lattice base
A such that for each nite 6 [CAland eachA [4] A is gn,-saturated. This puts is in
a position to use 3.1.

We prove that eachg, is of level= q, for a < w, by induction on a. Clearly each
gn is of level= 0; so assume eadly, to be of xed level= a. Then, by 3.1,h is of level
= atoo. Since eachh, is co-elementary, we have now a witness to the fact that eagh
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is of level= a+1. Thus eachg, is of level= w, and is hence co-elementary by 2.10. 1

We had originally thought that 3.1 could be used to prove th&-chains theorem in
general, but were unable to get our idea to work. What is migsj is a weak version
of the assertion, namely the existence of a compactuyh and mapsh,, : Y - X, of
level = a such that all the equalitiesh, = f, < hy+; hold. If we could do this, then
we could prove the strong version by induction on nitea: The a = 0 case is known;
assuming the assertion true for xeda, and that we are given an ¢ + 1)-chain, we
nd our compactum Y and mapsh,, all of level = a + 1. The maps g, are of level
= a by the inductive hypothesis, and we conclude thah is of level= a, by 3.1. Then
eachg, is of level=a + 1, by 2.7.

Rather than pursue the tack just outlined, we abandon 3.1 inalvor of a similar-
sounding (but somewhat di erent) lemma.

3.3. Lemma. Let f: X - Y be a function between compacta, letr be an ordinal,
and let A be a lattice base forX. Suppose that for each nited [CAlthere is a map
gs . X — Zs, of level= a, and a maphs : Zs — Y, of level = a + 1, such that
T = h; » g5, and each member 0b is gs-saturated. Thenf is a map of level= a + 1.

Proof. Assume thatf : X - Y, A, and a are xed, with the set of all nite
subsets ofA. The ultralter H on is exactly as in 3.1. For eachd [ lthe diagram
D;s consists of continuous surjectiongs : X - Zs, hs : Zs - Y, a codiagonal map
p:YI\D - Y, and a continuous surjectionks : Y I\D - Zs. (D need not depend
ond, by 2.2, but that fact is not essential to the argument.) The mnapsgs and ks are
of level = a, and the equalitiesf = hs = g5 and p = h; © ks both hold.

We form the \ultracoproduct” diagram as in 3.1, adding the cdiagonal maps
u: X \H - X, vl_';Y_I \H - long with our original mapf. We then de ne the
relation j:=u-( 405) t°o( HKs):(YI\D) \H - X. Once we showj is a map
of level=qa, and that f o j = ve (p \H), we will have a witness to the fact thatf
is of level= a + 1. —

To show j is a function, it su ces to show that the kernel of ;g5 is contained
within the kernel of u. Indeed, suppose;, X, X \H are such thatu(x;) & u(xy).
Then there are disjoint A;, A, [CA, containing u(x;) and u(x,) in their respective
interiors, such that AR/H [ and AS/H [, If & IR, A, thenlh_ollh A
and ,Hre gs-saturated, so{d [1: Al n gs[A2] = CHCH. T.% o Os[A1]
a&lH gs[A;] are disjoint subse o F(Zs), are elements of | gs](x;1) and
[ L 0sl(X2), respectively. Thus [ 1 0s](X1) EI] 4 0s5](X2), soj is a function. That
J Is surjective is cle&ghatf oj = Ve \H) is a simple diagram chase. Since
j7i=( Sks)to 0s) © L&Iand L Us is a closed map, we conclud § is
continuous. Now ks and | gs are maps of leve= a, by 2.4, andu -~ ( 0;)*
is of level=a+1, by 2.7. Thus j is of level= a, by 2.5. [1
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We are now ready to establish thex-chains theorem in general.

3.4. Theorem. Let a be a xed ordinal, and let X, fn Xnh+1 . N < wlbe ana-chain
of compacta, with inverse limitX. Then the limit maps g, : X - X,, n < w, are all
of level= a.

Proof. Use induction ona. As mentioned above, we need only consider nita, and
the a = 0 case is an easy exercise. So assume thkehains theorem to be true for

some xed a, and let X n Xj+1 I < wlbe an @ + 1)-chain. Fix n < w. With the
aim of applying 3.3,Y is X,,, and f is g,. As in the proof of 3.2,A is the direct limit

F
of the system[H (X)) fi F (Xj+1) : | < wCof normal disjunctive lattices. Given nite
d [CAl there is some (leastyn > n such that each member obd is g,-saturated. Let
Zs and g; be X,,, and g, respectively, with hy the obvious nite composition of the
maps fx, ask runs fromn to m — 1. gs is of level= a by our induction hypothesis;
hs is of level= a + 1 by 2.5. By 3.3, then, g, is a map of level=a+ 1. [1

4. When Levels Collapse.

Here we address the issue of when there is a collapsing of lewd maps between
classes of compacta. LeK and L be subclasses o€H, and de ne Lev-q(K, L) to
be the class of maps of levet a, with domains in K and ranges inL. (If one of the
classes happens to be a single homeomorphism type, $@ys the homeomorphism
type of X, then we write Le\.(X, L) to simplify notation. (Etc.)) Recall that a class
K is aco-elementary class if K is closed under ultracoproducts and co-elementary
equivalence. (Of course, being closed under co-elementaguivalence is tantamount
to being closed under ultracopowers and co-elementary imesy so we could replace
the criteria for being a co-elementary class with the conddns of being closed under
ultracoproducts and co-elementary images.)

The rst result of this section is reminiscent of Robinson'sest from model theory,
and its proof is very similar to that of 2.10.

4.1. Theorem. SupposeK and L are closed under ultracopowers, thatt < o,
and that Levoq(K,L) = Lev>q+1(K, L) and Leveq(L, K) = Lev>q+1(L, K). Then
Levoq(K,L) = Lev>,(K, L) and Levsq(L, K) = Lev o, (L, K).

Proof. Let fy: Xo — Yo be a map of level= a from a member ofK to a member of
L. Then we build a \co-elementary ladder," similar to the onen the proof of 2.10,
as follows:

Sincef, is also of level= a+1, there are mapsgy : Y1 - Ypoandhg : Y, — Xp such
that go is co-elementaryhg is of level= a, and g, = fy = hy. Moreover, we may (and
do) take go to be an ultracopower codiagonal map; so, in particulay; [L] and hg
is of level= a + 1. Thus we have mapsjo : X1 — Xp and f; : X; — Y; such that



13

Jo is co-elementary,f; is of level= a, and jo = hg o f;. As before, we takej, to be
an ultracopower codiagonal map, s&X; K. This completes the rst \rung" of the
ladder, and we repeat the process for the ma : X; - Y1, a map of level= a + 1.

The rest of the proof proceeds exactly like the proof of 2.18nd we conclude that
Ty is co-elementary. [

With the aid of 3.1, 4.1 has some interesting variations. Werst restate what in
[7] we call the \sharper" Leawenheim-Skolem theorem. In thsequel,w(X) stands for
the weight of a spaceX.

4.2. Theorem. (Theorem 3.1 of [7]) Letf : X - Y be a continuous surjection
between compacta, withk an in nite cardinal such that w(Y) < k < w(X). Then

there is a compactumZ and continuous surjectiongy : X - Z, h:Z - Y such that

w(A) = K, g is a co-elementary map, and = h e g.

We next bring 3.1 into the picture with the following strenghening of Theorem 3.3
in [7].

4.3. Theorem. Let f: X - Y be a function between compacta, lett be an ordinal,
and let kK < w(Y) be an in nite cardinal. Suppose that for each compactun¥Z of
weight K, and each co-elementary map : Y - Z, the compositiong - f is a map of
level = a. Then T is a map of level= a.

Proof. We let be the set of nite subsets of F(Y). For eachd [_there is a
countable elementary sublatticeA; of F (Y ), with 6 [CAk. Let W5 := S(A;) (a space
of weight [g)] with r5 : Y — Wj; denoting the co-elementary map that arises from
the inclusion As [_ELY). Then every member ofd is rz-saturated. By 4.2, there is
a compactumZ; of weight K, and continuous surjectiongys : Y — Zs, ts : Zs -» W5,
such that gs is co-elementary ands = t; °gs. So eachy; is a co-elementary map onto
a compactum of weightk; by hypothesis, then,gs < f must be a map of levek= a.
By 3.1, f must be a map of leve= a. [

For any classK and cardinal k, let Ky := {X [K : w(X) = k}. The following is
a variation (though not, strictly speaking, an improvemeny on 4.1.

4.4. Theorem. SupposeK and L are closed under ultracopowers, as well as co-
elementary images, that 0< a < w, and, for some in nite cardinalk, that Lev-q(Ky, L) =
Levoo+1(Ky, Lg) and Levaq(Lg, Ky) = Lev sq+1(Lk, Ky). Then Levsq(K, L) = Lev 5, (K, L)
and Lewq(L, K) = Lev >,(L, K). (The assertion also holds in the casa = 0, if we
assume that neitherK nor L contains any nite spaces.)
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Proof. Let f : X - Y be a map of level= a, between members oK and L
respectively. By 4.1, it su ces to show that f is of level= a + 1. Assume rst that
K < w(Y). By 4.3, it su ces to show that for each compactumZ of weight k and
each co-elementary mapg : Y - Z, we have thatg - f is of level= a+ 1. So let
g:Y - Z be given. By 4.2, there is a factorizatioru : X - W,v:W - Z such
that u is co-elementaryw(W) = w(Z) = K, andgef = veu. NowW [Ky and
Z [, andg-f is of level= a. Thus, by 2.7,v is also of leve= a. By hypothesis,
v is of level= a + 1; consequently, so ig - f.

If Kk > w(Y), and we are dealing with the casex > 0, then we must consider
the possibility that Y is nite. But f is a co-existential map, and hence clearly a
bijection (i.e., a homeomorphism) in that situation. So we ray as well assume that
Y is in nite. If we are dealing with the casea = 0, then we take Y to be in nite by
fiat.

That said, we nd an ultralter D on a setl such that w(Y I\D) = Kk (see [2]).
By the argument in the rst paragraph, since bothK and L are closed under ultra-
copowers, we conclude thaf I\D is of level= a + 1. From our work in §2, we infer
that f is of level= a + 1 too. [

Given an ordinala, we sayX [Kisa-closed in Kif Lev=o(K, X) = Lev (K, X).
(1-closed = co-existentially closed [7].) De n&K® := {X [K : X is a-closed inK}.
Using the technique of \adding roots,"” by which one producealgebraically closed
extensions of elds (and, more generally, existentially oked extensions of models
of a universal-existential theory), we showed (Theorem 6.ih [7]) that if K is a
co-elementary class that ixo-inductive, i.e., closed under limits of O-chains, and if
X [K is in nite, then there is a compactumyY [CH!, of the same weight asX,
such that X is a continuous image ofY . (So K! is quite substantial under these
circumstances.) CH, BS, and CON (the class ofcontinua, i.e., connected com-
pacta) are easily seen to be examples of co-inductive coredmtary classes. In [7] we
showedCH! = BS! = {Boolean spaces without isolated poins(Proposition 6.2),
and that every member of CON? (i.e., every co-existentially closed continuum) is
indecomposable, i.e., incapable of being written as the union of two properubcon-
tinua (Proposition 6.3). We posed the question of whetheEON? is a co-elementary
class, and conjectured that every co-existentially closecbntinuum is of (Lebesgue
covering) dimension one. While the question of co-elemenits is still open, we have
been able to settle the conjecture in the a rmative. We are gateful to Wayne Lewis
[16], who suggested the use of a theorem of D. C. Wilson [24].

4.5. Theorem. Every co-existentially closed continuum is an indecompadsig con-
tinuum of dimension one.

Proof. Because of Proposition 6.3 of [7], we need only concentrate the issue of
dimension.
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Let Q denote the Hilbert cube, the usual topological product of emtably many
copies of the closed unit interval. It is well known [23] thakvery metrizable com-
pactum can be replicated as a (closed) subspace(@f Next, let M denote the Menger
universal curve, a one-dimensional Peano (i.e., locallyra@ected metrizable) contin-
uum. Perhaps less well known is the fact [17] that every onéntensional metrizable
compactum can be replicated as a (closed) subspacdvbf Wilson's theorem [24] says
that there is a continuous surjectionf : M - Q whose point-inverses are all homeo-
morphic to M. Sof is, in particular, monotone; hence inverse images of subtiona
of Q are subcontinua ofM. Now let X be any metrizable continuum, viewed as a
subspace of). Then f~1[X] is a subcontinuum ofM that maps via f onto X. Since
M is one-dimensional, so i€ ~1[X].

So we know that every metrizable continuum is a continuous iage of a metrizable
continuum that is one-dimensional. LetX now be an arbitrary continuum. Then,
by Lewenheim-Skolem, there is a co-elementary map : X - Y, whereY is a
metrizable continuum. Using the result in the preceding pagraph, letg : Z - Y
be a continuous surjection, where&Z is a metrizable continuum of dimension one.
Because of the co-elementarity of, there is a homeomorphisnh : XI\D - Y I\D
of ultracopowers such thatf -p = goh, wherep and g are the obvious codiagonal maps.
Since covering dimension is an invariant of co-elementaryg@valence [2], we know
that ZI\D is a continuum of dimension one. Thup - h™* - (gI\D) is a continuous
surjection from a continuum of dimension one onteX.

Now supposeX is 1-closed inCON. Then, by the paragraph above, there is a
continuous surjectionf : Y - X, whereY is a continuum of dimension one. Butf
is a co-existential map, and co-existential maps preservesibg in nite, and cannot
raise dimension. The dimension aK cannot be zero; hence it must be onel ]

The following result records some general information cosming levels of maps
between classes, and is an easy corollary of the general lssabove.

4.6. Corollary. Let K be a class of compactax an ordinal.

(i) Supposea > 0, and K® is closed under ultracopowers. Then Ley(K%, K%) =
Levay (K%, K%).

(ii) SupposeK is closed under ultracopowers. Then Ley (K%, K) = Lev oo(K%, K%).

(iii) SupposeK is closed under ultracopowers, and Ley(K, CH) = Lev >4(K, K).
Then Levaqs1 (K5 CH) = Lev 2o 1 (K5 KD (where KY:= CH \ K).

Proof. Ad (i): By de nition of K%, Lev=o(K, K%) = Lev >«(K, K%). The conclusion
is immediate, by 4.1.

Ad (ii): There is nothing to prove ifa = 0. So assumea > 0, and supposeX
isa-closed inK, Y [K,andf : X - Y isoflevel=a. Letp:YI\D - Y and
g :YI\D - X witness the fact; i.e.,p is a codiagonal mapg is of level= a—1, and
fog=p. Let Z K, with h:Z - Y a continuous surjection. Letq : ZI\D - Z
be the appropriate codiagonal map. Sinc& is closed under ultracopowers, and
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X K we know that both g and g - (hI\D) are of level= a. Then f-g-(hI\D) =
pe(hI\D) = heqis of level= a, by 2.5. By 2.7,h is also of levek= a; henceY [K°.

Ad (iii): Supposef : X - Y isamap of level=a+ 1, and Y K. We need to
show X [K. But this is immediate from the de nition of level, plus our hypotheses.
]

4.7. Remark. We have very few results concerning the nature dk“, given infor-
mation about K. We can prove quite easily, though, thatlCH?, BS?, and CON? are
all empty. Indeed, let X be any compactum, withY the disjoint union of X with
a singleton, andZ the product of X with a Cantor discontinuum. Then there exist
continuous surjectionsf : Y - X andg:Z - X. AssumeX is now 2-closed inCH.
Maps of level= 1 preserve the property of having no isolated points (Propit®n 2.8
in [7]); so we conclude thatX has no isolated points becausg has none. On the
other hand, since the class of compacta without isolated pu$ is co-elementary, and
T is of level= 2, we conclude, by 4.6{i), that X has an isolated point becaus¥
does. ThusCH? is empty. If X above happens to be Boolean, so areand Z; hence
the same argument shows thaBS? is empty. Now assumeéX [CAON?Z. Then X has
dimension one, by 4.5. LeY be the product of X with the Hilbert cube. Then there
is a continuous surjectionf : Y - X, andY is an in nite-dimensional continuum.
Since the class of nite-dimensional continua is co-elemtany, as well as closed under
images of maps of levet 1 (Proposition 2.6 in [7]), andf is of level= 2, we conclude,
again by 4.6{ii), that X is in nite-dimensional becauseY is. Thus CON? is empty.
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