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ABSTRACT. Using the language of infinitary logic over the alphabet of bounded
lattices, we specify a family of covering properties of compact Hausdorff spaces;
and show each such property to be closed under co-existential images, as well
as limits of inverse systems with surjective bonding maps. As a byproduct,
we conclude that co-existential images of pseudo-arcs are pseudo-arcs. This
is interesting because the corresponding statement for confluent maps is still
open, and co-existential maps are often—but not always—confluent.

1. INTRODUCTION

Co-existential maps are defined using topological ultracopowers in an exact mir-
roring of how one characterizes the existential embeddings of model theory using
ultrapowers. (See, e.g., [4] for a full explanation.) Briefly, if X is a compactum
(i.e., a compact Hausdorff space) and D is an ultrafilter on a set I (viewed as a
discrete topological space), then we let p : X x I — X and ¢ : X x I — I be
the standard projection maps. The D-ultracopower of X is denoted X I\D, and
is the inverse image of the point D € ((I) with respect to the Stone-Cech lift
q% : B(X x I) — B(I). The restriction of p® : B(X x I) — X to XI\D is a continu-
ous surjection, is denoted px, p, and is called the codiagonal map associated with
the given ultracopower. The following commutative diagram partially expresses
this.

XD S B xD L B

N\ PX,D | p?
X

For our main definition, we say a function f : X — Y between compacta is a
co-existential map if there is an ultracopower YT\ D and a continuous surjection
g : YI\D — X such that fog = py,p. For the accompanying commutative diagram,
we have:
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YI\D
9. lpvp
x L. v

This rather ungainly formulation, involving an exotic construction external to the
initial data, is motivated entirely by model-theoretic considerations. Nonetheless,
co-existential maps arise quite naturally and exhibit interesting topological be-
haviors. Among other things, one may specify precise conditions on a class P of
compacta such that P is closed under co-existential images if and only if P is closed
under limits of inverse systems with surjective bonding maps. (See Theorem 1.2
and its corollaries in [6].)

In the sequel, a continuum is a nonempty connected compactum; a subcon-
tinuum of a space is a subspace that is also a continuum. A continuous map
f + X — Y between compacta is monotone if for each subcontinuum K of Y,
f71[K] is a subcontinuum of X. The map is confluent (resp., weakly confluent)
if it takes every (resp., some) component of f~1[K] onto K.

For any space X, we denote by F(X) the bounded lattice of closed subsets of
X. A sublattice A C F(X) is a lattice base for X if every member of F(X) is an
intersection of members of A.

For easy reference, we first list some examples of how co-existential maps arise.

Examples 1.1. (1) (See Remark 1.4 in [6]) If A and B are lattice bases for
compacta X and Y, respectively, and if there is an existential embedding
from B into .4, then that embedding naturally induces a co-existential map
from X onto Y.

(2) (Theorem 2.7 in [3]) A function from an arc to a compactum is a co-
existential map if and only if the range is an arc and the map is a continuous
monotone surjection.

(3) (Corollaries 2.17 and 2.18 in [7]) If G is a connected topological graph, then
there is a co-existential map from G onto a simple closed curve (resp., an
arc) if and only if G is not a topological tree (resp., there is a point of G
whose complement has exactly two components).

(4) (Proposition 6.2 in [3]) If Y is a totally disconnected compactum with no
isolated points, then every continuous map from a compactum onto Y is
co-existential.

(5) (Theorem 6.1 in [3] and Corollary 4.13 in [6]) Every nondegenerate contin-
uum X is a continuous image of a hereditarily indecomposable continuum
Y, of the same weight as X and having (Lebesgue-Cech) covering dimen-
sion one, such that every continuous map from a continuum onto Y is
co-existential.

Here we collect some of the known behaviors of co-existential maps.
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Theorem 1.2. (1) (Theorems 2.4 and 2.7 in [3]) Co-existential maps are con-
tinuous surjections that are weakly confluent; in the case where the range
is locally connected, they are monotone.

(2) (Proposition 2.5 in [3], Proposition 4.2 in [6]) Co-existential maps preserve
the topological properties of: being infinite, being disconnected, being totally
disconnected, being an indecomposable continuum, being a hereditarily in-
decomposable continuum, and being a hereditarily decomposable continuum
(but not being a decomposable continuum).

(3) (Proposition 2.8 in [3]) The inverse image of an isolated point in the range
of a co-existential map is an isolated point in the domain.

(4) (Theorem 2.6 in [3]) Co-existential maps do not raise covering dimension.

(5) (Corollary 5.4 in [6]) Co-existential maps do not raise multicoherence degree
in continua.

(6) (Theorem 5.3 in [8]) Co-existential maps preserve the following properties
of continua: unicoherence, hereditary unicoherence, weak hereditary unico-
herence, and strong unicoherence.

It is not difficult to show that a co-existential map is weakly confluent; indeed, once
an appropriate ultracopower diagram is chosen, there is a uniform way to pick a
subcontinuum of the domain to map onto a given subcontinuum of the range. It
turns out that when the range is locally connected, it has enough connected open
subsets to show the map to be monotone. It is natural, then, to ask whether a
co-existential map is always monotone, or even confluent. That it actually need
not be confluent has only recently been confirmed ([9]).

The class of confluent mappings does contain the open continuous surjections,
as well as the monotone ones, and many results pertaining to these two classes
extend—sometimes with considerable difficulty—to the confluent setting (see, e.g.,
[15]). One result that has so far resisted generalization concerns the preservation of
chainability. Indeed, if f: X — Y is a continuous surjection that is either open or
monotone, and if X is a chainable continuum, then so is Y (see, [15]). Moreover,
if X is a pseudo-arc and Y is nondegenerate, then Y is a pseudo-arc as well. The
corresponding statements have yet to be settled for confluent maps (see Questions
2.15 and 4.17 in [14]), but we can settle them in the affirmative for co-existential
maps (answering Open Question 3.10(2) in [5]).

Using an infinitary extension of first-order predicate logic over the alphabet of
bounded lattices, we describe a family of covering properties of compacta, each of
which is preserved by co-existential maps, as well as limits of inverse systems with
surjective bonding maps. We consider the preservation by co-existential maps to
be the main result of the paper; preservation by inverse limits being more straight-
forward to show. We include both results here because we wish to continue the
theme of [6], where a significant link between co-existential maps and inverse limits
was first established.

Among the properties included in the family to be described are: being of cov-
ering dimension < n for any finite natural number n; being an acyclic curve; being
chainable; and—more generally—being G-refinable for any family G of topological
graphs.
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2. INDUCTIVE COVERING PROPERTIES

An inductive covering property is a property of compacta that is defined by a par-
ticularly well-behaved set of infinitary sentences over the alphabet L = {U, M, L, T}
of bounded lattices. It is the main objective of this note to show that inductive
covering properties are preserved by co-existential maps, as well as limits of inverse
systems with surjective bonding maps.

The first two symbols of L are the binary operations of join and meet, respec-
tively, with join (resp., meet) being interpreted in the set context as union (resp.,
intersection). The last two symbols are the nullary operations (constants) of bot-
tom and top, respectively. When these are interpreted as subsets of a set X, L is
the empty set () and T is the universal set X. We are concerned here with defining
topological properties of a compactum X via lattice properties of F(X). [Note:
Although many topological properties are traditionally phrased using open sets, it
turns out to be more convenient for us to use the dual closed set phraseology. This
is due mainly to the fact that closed subsets of compacta are themselves compacta.|

We define the syntactic/semantic notions of first-order logic in the standard way
(see [10]); in this setting an atomic formula is just an equation between two terms.

Following standard notation (see [10]), we denote by L., ., the extended first-order
language whose formation rules allow disjunctions over countable sets of formulas.

If (zo,...,2k—1) is a finite string of distinct variables, we use the abbrevia-
tion ¢(xo, ..., zEr—1) to indicate that the variables occurring free in the formula ¢
are members of the set {xg,...,zx—1}. If A is a lattice, say, of subsets of a set
X, and if Ag,..., Ap_1 is a list of elements of A, then the substitution instance
©[Ao, ..., Ag—1] has its usual meaning, relative to the model A.

We define a formula to be restricted if each of its atomic subformulas is an equation
with variables occurring on at most one side. For notational convenience, we divide
our set of variables into two disjoint subsets {xo, z1,...} and {yo,91,...}. Finite
strings of distinct variables from the first (resp., second) set are denoted T (resp.,
7). Define a sentence of L, to be weakly inductive if it is of the form

vz (a(z) — \/ &(z))

where a(Z) is finitary and quantifier free, and ®(T) is a set of finitary formulas of
the form

(@, 9) A e(©))

such that: (i) when T = (zo,...,zk—1) and 7 = (Yo, - .., Ym—1), then n(Z,7) is the
corefinement condition A,_,, \/;,(z:My; = z;) (each y; “contains” some z;); and
(ii) ¢(7) is quantifier free.

A weakly inductive sentence 7 is called pre-inductive if the formula «a(Z) is
restricted; it is called post-inductive if all the formulas ¢(7) are restricted. -~
is inductive if it is both pre-inductive and post-inductive. A property/class P
of compacta is then called a pre-inductive (resp., post-inductive, inductive )
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covering property if there is a set I of pre-inductive (resp., post-inductive, in-
ductive) sentences such that P consiste of precisely those compacta X for which
F(X)ET.

In the following examples of inductive covering properties, refer to the format for
weakly inductive sentences given above. In each case a(xo,...,Tr—1) says that
“the sets zg,...,zr—1 form a closed co-cover;” i.e., that their complements, once
interpreted in some F'(X ), form an open cover. Thus « is just the restricted atomic
formula zo M---Mazk_1 = L, and we need only specify what each ¢(7) says of the
corresponding corefinement.

Examples 2.1. (1) (Dimension < n) The covering dimension of a compactum
is < n, n < w, if for each finite open cover there is a refining open cover,
no n + 2 of whose sets have a common intersection. So for each fixed
m=1,2,..., o(yo,.-.,ym—1) IS the conjunction of the formulas

(Yo M- Mym-1=L)A(W{y;:j€s}=T),

as s ranges over all subsets of {0,...,m — 1}, of cardinality n + 2.

(2) (Chainable) A compactum is chainable if for each finite open cover there
is a refining open cover that forms a “chain.” In this case ¢(yo,. .., Ym—1)
is the conjuction of the formulas

Yo - Mym-1=1,
{yily; # T :i,j <m,li—j| <1}, and
{yil—lyj =T:4,j <m7|i_j| > 2}

(3) (Acyclic curve) A compactum is acyclic (see, e.g., [11]) if it is connected and
is such that every continuous map from it into a simple closed curve (i.e.,
a homeomorphic copy of the standard unit circle in the complex plane) is
inessential (i.e., nullhomotopic). If, in addition, it is of covering dimension
1, it is called an acyclic curve. In [1] it is proved (Theorem 2.1) that a
compactum is an acyclic curve if and only if for each three-set open cover
there is a refining open cover that forms a chain in the sense used above.
So this amounts to just a simpler version of (2).

(4) (G-refinable) Let G be a family of topological graphs; i.e., each of its mem-
bers is a metrizable compactum that is decomposable into a finite union of
points and arcs (i.e., homeomorphic copies of the closed unit interval in
the real line), no two arcs of which intersect in a cut point of either. We
may assume that the members of G are pairwise nonhomeomorphic, and
hence that G may be countably indexed as {G, : r < w}. A compactum
is G-refinable if for each finite open cover there is a refining open cover
whose nerve is an abstract graph that realizes topologically as a compactum
homeomorphic to some G,.. Thus chainability (resp., circular chainability)
is {G}-refinability, where G is an arc (resp., a simple closed curve). Also,
when G is the family of all topological trees—i.e., connected topological
graphs containing no simple closed curves—the property of being G-refinable
is what many authors call being tree-like. Tree-like continua are well known
[11] to be acyclic curves. It is not hard to show, using an inductive argu-
ment involving the number of arcs and points used to describe a topological
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graph, that G-refinability is an inductive covering property.

3. PRESERVATION BY CO-EXISTENTIAL MAPS

In this section we prove that post-inductive covering properties of compacta are
preserved by co-existential maps.

Given any lattice L and m-tuples (ao,...,am-1), (bo,...,bm—1) from L, define
the second m-tuple to be an exact corefinement of the first if: (i) b; > ay,
j < m; and (ii) for each restricted atomic formula p(yo, ..., ¥m—1) over L, we have

L = plao, ..., am—1] if and only if L = plbo, ..., bm—1]. (This sharpens the idea of
a swelling, introduced in the 1930s for studying covering dimension; see [12].)

The following lemma is a strengthened version of an old result (see Theorem 7.1.4
in [12]).

Lemma 3.1. Let X be a compactum, with B a lattice base for X. Then every
m-tuple of sets from F(X) has an exact corefinement consisting of sets from 5.

Proof. We first observe that if o(yo, ..., ¥m—1) is any term over L, then ¢ is mono-
tonic, in the sense that whenever A; C B; for j < m, these sets being from
F(X), then o[Ag,...,Am-1] C o[Bo,...,Bm-1]. From this we conclude that
if p(yo,...,Ym—-1) is a restricted atomic formula, A; C B; C Cj, j < m, and
F(X) E (p[4o, ..., Am—1] A p[Co, ..., Cm—1]) (resp., F(X) E (—p[Ao,. .., Am—1] A
-p[Co,...,Cm—1])), then F(X) | p[Bo,. .., Bmnm-1] (resp., F(X) E —p[Bo, - - -, Bm-1])-
Let (Ao, ..., Am—1) be a fixed m-tuple from F(X). For each restricted atomic
formula p(yo, ..., Ym—1), we construct an m-tuple (B§,...,Bf ;) from B in a
straightforward way, & la the proof of Theorem 7.1.4 in [12]. In particular, we
have A; C Bj, for j < m; and F(X) E p[do,...,Am—1] if and only if F(X) |
p[Bo, ..., Bm-1]. The proof naturally splits into the cases where one side of p is
1 or T, and we repeatedly use the observation in the first paragraph. Finally, we
note that p may be taken to range over a finite set {po,...,pr—1} of formulas in
the variables yo,...,ym—1. With this in mind, we set B; := Bf“ n---N Bfr’l,
for each j < m. Then (Bo,...,B,-1) is an exact corefinement of (Ao, ..., Am-1),
consisting of sets from B.
O

The preservation result for co-existential maps is now the following.

Theorem 3.2. Let P be a post-inductive covering property of compacta, with
f: X — Y a co-existential map. If X has property P, then so does Y.

Proof. It suffices to show that if «y is a post-inductive sentence and F(X) | v, then
F(Y) | v too.
Let g : YI\D — X witness the co-existentiality of f, let v be

Vo .. .ka_l(a(f) — \/ (I)(E))u
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as described above, and assume F(X) | v. Fix (Ao,...,Ax_1) € F(Y)*, such
that F(Y) & a[do,...,Ax—1]. Since « is quantifier free and the assignment
A f71A] is a lattice embedding from F(Y) to F(X), we know that F(X) =
alf Ao, ..., fYAk_1]]. And since F(X) [= v, there is some formula

Fyo . .- Ym—1(nN(T, ) Ap(7)) from ®(T), an m-tuple (Bo, . .., Bp_1) from F(X), and

a function I : {0,...,m—1} — {0,...,k—1} such that: (i) B; D f~1[Ay;] for each

j <m;and (ii)) F(X) | ¢[Bo,-.., Bm-1]. Going back along g now, we have: (iii)
g7 YB;] 2 p;,_’lD[Al(j)] for each j < m; and (iv) F(YI\D) = [~ [Bo], ..., 9 [ Bm_-1]].
Without loss of generality, we may take ©(7) to be a finite conjunction of restricted
atomic and negated restricted atomic formulas.

We may view (see [4]) the points of YI\D as consisting of maximal filters in
the ultrapower lattice F'(Y')!/D. (This denotes the ultraproduct when all the fac-
tors are the same.) By way of notation: if {Sy : A € I} is an I-indexed family
of subsets of Y, where I = |JD, let ([]p Sx)¥ be the collection { € YI\D :
some member of i is contained in [ Sx}. Then the standard lattice base for the
ultracopower comprises the sets ([] Ci)#, where the sets Cy, A € I, are all closed
in Y. Moreover, for any p € YI\D and y € Y, y = py,p(u) if and only if, for each
open neighborhood U of y in Y, we have p € (U!/D)".

So, using Lemma 3.1, we may pick an m-tuple (([Tp Cr0)%,---, ([1p Cam—1)%)
that is an exact corefinement of (¢g~1[Bo],...,9 [Bm-1]); hence F(YI\D) =
el([Tp Cr0)% -, ([Tp Crm—1)*]-

Finally, for any C' € F(Y), py5[C] 2 (C!/D)E. To see this, suppose u ¢ py5[C]-
Then y = py,p(p) ¢ C; so there is an open neighborhood U of y in Y such that
UNC = 0. Since U!/D contains a member of p, it is not the case that C!/D € y;
ie., pu ¢ (CT/D)%. So, using (iii) above, we have ([T Cx;)* 2 (ITp Ai(jy)* for each
j < m. By the fundamental theorem of ultraproducts (see, e.g., [10]), we infer
that the set {A € I : Cy; 2 Ay(jy,j <m, and F(Y) = ¢[Cxro,...,Crm-1]} is a
member of D, and is hence nonempty. Thus we conclude that F(Y') = «, and the
proof is complete.

O

Remarks 3.3. (1) In[1] and [8] a property P is finitely expressible if there is
a finitary sentence over L such that a compactum is in P just in case every
lattice base for X satisfies the sentence. For each n < w, the property of
being of covering dimension < n is finitely expressible, thanks to a famous
theorem of E. Hemmingsen. However, chainability and the property of being
an acyclic curve are not. (See [1, 6] for details.)

(2) Referring to Example 2.1(3), we do not know whether co-existential maps
preserve acyclicity without the dimension restriction. In [13], A. Lelek
proves that acyclicity is preserved by confluent maps, significantly improv-
ing on a 1930s result of S. Eilenberg (who showed preservation in the case
the map is either monotone or open).

(3) Referring to Example 2.1(4), it is known [14] that confluent maps preserve
being tree-like. In the (unlikely) event one is found not to preserve chain-
ability, it will then show confluent maps need not be co-existential. But we
already know that even monotone open maps may fail to be co-existential,
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as the former can raise dimension (see [16]), while the latter cannot (see
Theorem 1.2(4)).

A notion that naturally arises from this study is the following. Define a compactum
X to be co-existentially minimal if co-existential images of X are all homeo-
morphic to X. Using Theorems 1.2 and 3.2, we have the following.

Theorem 3.4. (1) Co-existentially minimal compacta are metrizable.
(2) Cantor sets and pseudo-arcs are co-existentially minimal.
(3) A nondegenerate connected topological graph is co-existentially minimal if
and only if it is either an arc or a simple closed curve.

Proof. Ad (1): Every compactum co-existentially maps onto a metrizable com-
pactum; this is a weak form of the Lowenheim-Skolem theorem for compacta (see
Theorem 5.3 in [4]). So a nonmetrizable compactum cannot be co-existentially
minimal.

Ad (2): Cantor sets, characterized by being compact metrizable, totally discon-
nected, and with no isolated points, are co-existentially minimal by Theorem 1.2(2,3).
As for pseudo-arcs, these spaces are characterized by being metrizable, nondegener-
ate chainable compacta that are also hereditarily indecomposable (i.e., such that any
two subcontinua are either disjoint or related under containment; see, e.g., [14, 15]).
If X is a pseudo-arc and Y is a co-existential image of X, then Y is metrizable be-
cause continuous surjections between compacta do not raise topological weight. Y
is a nondegenerate continuum, by Theorem 1.2(2); and Y is hereditarily indecom-
posable, again by 1.2(2). Finally, Y is chainable by Theorem 3.2 and Example
2.1(2).

Ad (3): Co-existential maps with locally connected domains also have locally
connected ranges, and are hence monotone, by Theorem 1.2(1). Nondegenerate
monotone—even confluent—images of arcs (resp., simple closed curves) are well
known to be arcs (resp., simple closed curves) (see Theorem 13.31 in [15]). So arcs
and simple closed curves are co-existentially minimal. Now suppose G is a non-
degenerate connected topological graph that is neither an arc nor a simple closed
curve. Use Example 1.1(3). If G is not a topological tree, then it has a simple
closed curve for a co-existential image; if G is a tree, then any cut point of one
of its constituent arcs separates G into two components. So GG has an arc for a

co-existential image.
O

4. PRESERVATION BY INVERSE LIMITS

In this section we prove that pre-inductive covering properties of compacta are pre-
served by limits of inverse systems with surjective bonding maps. As mentioned
above, this is a relatively easy result, which we include to emphasize the linkage
between this construction and co-existential maps. It is worth noting that all the
properties listed in the examples 2.1 are well known to be preserved by such inverse
limits.
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For notational convenience, we confine our attention to the simplest of nontrivial
inverse systems, those where the directed index set is w. These systems are written
{(Xn, fn) : n < w}, where each X,, is a nonempty compactum and each f, :
Xp+1 — X, is continuous. The maps are commonly referred to as bonding maps.
Then the inverse limit lim, oo (Xn, fr) is the subspace of the usual (Tichonov)
cartesian product [],_,, Xn consisting of sequences (xo,z1,...) such that x, =
fn(xn+1) for each n < w. It is a direct consequence of the compactness of the
spaces X,, that the inverse limit is nonempty.

Let X be the inverse limit described above. For each n < w, we let 7, : X — X,
be projection onto the nth coordinate. Then clearly we have the functional equa-
tions 7, = f, o Tp+1 holding.

Lemma 4.1. Let X be the limit of the inverse system {(X,, f») : n < w} of com-

pacta and continuous surjections, with «(zo,...,x;_1) a restricted quantifier-free
formula over L. If (Ao,...,Ax_1) € F(X)¥, then F(X) |= a[Ao, ..., Ax_1] if and
only if F(X,,) = a[r,[Ao], ..., m[Ak-1]] for all but finitely many n < w.

Proof. It clearly suffices to prove the assertion for « restricted atomic, and we thus
have the case break-down as in the proof of Lemma 3.1. Suppose avis ¢ = L. Then
o may be regarded as a join of meets of some of the variables xg,...,zx_1, so we
lose no generality in assuming k = 2 and that o is zo Mx1. Fix (Ao, 41) € F(X)?.
If m,[Ao] N 7, [A1] = 0 for some—let alone finally many— n < w, then Ag N A1 = 0;
on the other hand, if m,[Ag] N m,[A1] # 0 for finally many n, then the functional
equations 7, = f,0m,+1 tell us that each bonding map f,, takes m,+1[Ao]N7p+1[A1]
into m,[Ao] N my[A1], and the corresponding inverse limit Y is a nonempty subset
of X. Clearly Y C AgN Ay, so Ag N Ay # 0.

Suppose « is 0 = T. Then we may as well assume k = 2 and that o is zg U x3.
Fix (Ao, Al) S F(X)z If AgU Ay = X, then Wn[Ao] @] Wn[A]_] = 7Tn[Ao U Al] =X,
because the bonding maps are onto. The converse is equally immediate. ([l

The following companion of Theorem 3.2 is now quite easy to prove.

Proposition 4.2. Let P be a pre-inductive covering property of compacta, with
{(Xn, fn) : n < w} an inverse system where each space has property P and each
bonding map is surjective. Then the inverse limit X of this system has property P.

Proof. It suffices to show that if v is a pre-inductive sentence and F(X,,) | ~ for
each n < w, then F(X) |=~ as well. Let v be

Vao ... Yor-1 (@) — \/ 2(@)),

and assume F(X,,) = v for each n < w. Fix (Ao,...,Ax_1) € F(X)*, and assume
F(X) E «a[Ao,...,Ak—1]. Then, by Lemma 4.1, there is some n < w such that
F(X,) E a[mn[Ao], ..., m[Ak-1]]; and, by our assumption, there is some formula
Fyo ... WYm—1(n(T,7) A ©(¥)) from ®(T), an m-tuple (Bo,...,Bmn-1) € F(X,)™,
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and a function [ : {0,...,m — 1} — {0,...,k — 1} such that: (i) B; 2 m,[A;)]
for each j < m; and (ii) F(X,) E ¢[Bo,-..,Bm-1]. Then clearly, because the
assignment A — 7,1[A] is a lattice embedding from F(X,) to F(X), we have
F(X) | ¢[r, [Bo),... 7, [Bm—1]]. Since we also have that m,[B;] D Ay for
each j < m, we conclude that FI(X) |= ~.

O

Combining Theorem 3.2 and Proposition 4.2, we immediately have the following.

Corollary 4.3. Every inductive covering property of compacta is closed under both
images of co-existential maps and limits of inverse systems with surjective bonding
maps.
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