CATEGORICITY AND TOPOLOGICAL GRAPHS

PAUL BANKSTON

ABSTRACT. Let X be a topological graph; i.e., a union of finitely many arcs,
joined only at end points. If Y is any locally connected metrizable compactum
that is co-elementarily equivalent to X, then Y is homeomorphic to X. In par-
ticular, X and Y are homeomorphic if some lattice base for one is elementarily
equivalent to some lattice base for the other.

1. INTRODUCTION

Our aim in this paper is to show that any topological graph is categorical, relative
to the class of locally connected compacta.

For a topological space X, we denote by F'(X) the collection of closed subsets
of X, viewed as a bounded lattice under the usual Boolean operations. More
precisely, F(X) is the L-structure [H(X), L d, LXK [dwhere L := { CIL 1L 11 =}
is the standard first-order alphabet, with equality, for bounded lattices. By a
lattice base for X, we mean a bounded sublattice of F(X) that is also a closed
set base (i.e., meet dense in F'(X)). The least infinite cardinal x such that X has
a lattice base of cardinality < k is called the weight of X. We are interested in
how topological properties of spaces are influenced by model-theoretic properties
of their lattice bases.

By a compactum we mean a compact Hausdorff topological space, a contin-
uum is a connected compactum, and a subcontinuum of a space is a subset that
is a continuum in its subspace topology. Stemming from the work of H. Walman
[11] (see also [4, 8]), a particularly interesting model-theoretic situation arises re-
garding compacta and their lattice bases, to wit.

Theorem 1.1 (Representation). There is a sentence X in the first-order language
over alphabet L such that an L-structure satisfies A if and only if that structure is
isomorphic to a lattice base for a unique compactum.

While the specific formulation of A is not of importance here, it simply says that the
structure is a distributive lattice for which two more properties hold: it is normal,
in the obvious sense of topological normality phrased purely in terms of closed sets;
and it is disjunctive, in the sense that for any two elements, one of them dominates
a non-bottom element disjoint from the other. It is thus reasonable to call a model
of A a normal disjunctive lattice.
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The assignment of a compactum to a normal disjunctive lattice, as prescribed in
Theorem 1.1, uses maximal filters for points and sets up a relation that is far from
one-to-one. Indeed, it is easy to find examples of two normal disjunctive lattices
that have homeomorphic compacta, but which fail to be elementarily equivalent.
It is still an open problem to characterize syntactically those first-order L-sentences
that are base invariant; i.e., true in F'(X) if and only if true in each lattice base
for X.

In the context of compacta, having countable weight is tantamount to being
metrizable. Our main objects of study in the sequel are the metrizable compacta
that are locally connected, and the most fundamental among these is the arc. This
space is defined to be any homeomorphic copy of the usual closed unit interval in
the real line, but is topologically characterized (Theorem 6.17 in [10]) as being the
unique metrizable continuum that has precisely two points with connected comple-
ment. These points are the ones that are not cut points, and every nondegenerate
metrizable continuum has at least two non-cut points (Theorem 6.6 in [10]).

The simplest spaces built up from arcs are the topological graphs, those com-
pacta that may be expressed as a finite union of arcs, no two of which intersect in a
cut point of either. Topological graphs are clearly locally connected and metrizable,
and it is these spaces which we claim are “categorical” among the locally connected
compacta.

Let us now explain what we mean by the term categorical. Intuitively, an object
is categorical among a class of its peers if it is readily identifiable, “sticks out like a
sore thumb,” etc., when compared to members of that class. In model theory our
process of comparison always involves elementary equivalence; but that is usually
not enough, and cardinality must also be addressed. In our topological situation,
the parallel is co-elementary equivalence and weight.

To explain co-elementary equivalence, we need to bring in the ultracoproduct
construction (first introduced as a tool for model-theoretic topology in [1]), which
we now briefly review. By Theorem 1.1 and standard model theory, an ultraproduct
of an indexed family of lattice bases for compacta is again a lattice base for a com-
pactum, which we call the topological ultracoproduct of the associated family
of compacta. This construction has a purely topological description in terms of the
Stone-Cech compactification (see, e.g., [1]); but what is most important is that it
depends only on the ultrafilter and the spaces themselves: given [X; : ¢ [LIT Jand
an ultrafilter D on I, the ultracoproduct ), X; is the unique (up to homeomor-
phism) compactum with lattice base isomorphic to the ultraproduct [, A;, where
each A; is an arbitrary lattice base for X;. When each space X; is homeomorphic
to a single compactum X, we set >, X := > 5 X;, the ultracopower of X via
D.

Two compacta are co-elementarily equivalent if an ultracopower of one is
homeomorphic to an ultracopower of the other. In light of the ultrapower theorem
of H. J. Keisler and S. Shelah (see [7]), this notion is the “right” analogue of
elementary equivalence in the compact Hausdorff context; it also happens that two
compacta are co-elementarily equivalent if some lattice base of one is elementarily
equivalent to some lattice base of the other.

If R is a class of compacta, a member X of R is categorical, relative to (or,
in the context of) K if X is homeomorphic to any Y [&lthat is co-elementarily
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equivalent to X and of the same weight as X. Our main result here is the following.

Theorem 1.2 (Graph categoricity). Every topological graph is categorical, relative
to the class of locally connected compacta.

Remarks 1.3. (i) In the model-theoretic context, as well as the topological,
one need not worry about cardinality or weight when dealing with the
categoricity of finite objects. There are even interesting examples of cat-
egoricity for infinite objects where cardinality does not play a part, but
then the context must be restricted. (The best-known example of this phe-
nomon is the case of the set w, considered in the context of wellorderings:
any wellordered set not isomorphic to w is either finite or has at least
two elements with no immediate predecessor, and hence is not elementarily
equivalent to w.) In general, however, when dealing with infinite structures
or compacta, there is the classic Lowenheim-Skolem theorem, as well as its
topological analogue (see, e.g., [1]), which forces us to consider cardinality
issues.

(ii) In the topological setting, the Cantor set is categorical relative to the class
of all compacta, the arc (indeed, any n-od) is categorical relative to the
class of locally connected compacta [2, 5], and the pseudo-arc is categorical
relative to the class of chainable compacta [6]. K. P. Hart [9] has shown
that no nondegenarate metrizable continuum is categorical relative to the
class of all compacta (see also [6]), and it is still an open question whether
there are any compacta of positive dimension that are categorical in this
widest sense.

(iii) The class of locally connected compacta is quite restrictive, and it is natural
to ask whether weight must be considered when using co-elementary equiv-
alence to compare such spaces. The answer is yes because (Proposition
2.4 in [3]) any two generalized arcs (i.e., linearly ordered continua) are co-
elementarily equivalent. This tells us that the usual arc is co-elementarily
equivalent to generalized arcs, hence locally connected compacta, of arbi-
trarily large weight.

2. PROOF OF GRAPH CATEGORICITY

The proof is divided into three steps; the first step is an immediate corollary of
Theorem 2.11 in [5], and provides a major simplification of the task at hand.

Lemma 2.1. If two metrizable locally connected compacta are co-elementarily
equivalent and one of them is a topological graph, then so is the other.

So, in view of Lemma 2.1, all we need show is that two co-elementarily equivalent
topological graphs are homeomorphic.

The second step involves introducing a binary relation between spaces, interpo-
lating between co-elementary equivalence and homeomorphism.

To start, define a finite cover K of a space X to be a G-cover if:



4 PAUL BANKSTON

(1) each member of K is a subcontinuum of X, having nonempty interior;

(2) K is a minimal cover; i.e., for each K [K, K\ {K} is not a cover of X;
and

(3) no point of X lies in more than two members of K.

Given a G-cover K, we denote by N(K) the nerve of K; i.e., the abstract graph
whose vertices are the sets K [CK, and whose adjacency relation consists of all
pairs of distinct vertices with nonempty intersection.

Given two G-covers K and L of X, we say that L is a perfect refinement of
K, and that the pair [K, L[ds a perfect pair for X, if:

(4) each member of L is contained in a unique member of K; and
(5) each member of K is a union of members of L.

When [K, L[s a perfect pair and K [Kl, we denote by Lk the set of members of
L contained in K. Then Lk is a minimal cover of K. Furthermore {Lx : K K}
forms a partition of L.

Now for the interpolating relation. Given two topological spaces X and Y, we
say Y G-dominates X to mean the following. For any perfect pair K, L[for X,
there exist:

(6) a perfect pair K/, L'or Y; and

(7) abstract graph isomorphisms f : N(K) - N(K’) and g : N(L) - N(L')
such that for each K [H, f(K) = (J{g(L) : L [COg}. (Equivalently,
L/f(K) ={9(L): L [k}

If f and g are as in (7) above, we call [Jl gChn isomorphism of perfect pairs,
and write [Jl g[ [K, L[}~ [K’,L'L]1Two spaces are called G-equivalent if each
G-dominates the other.

The remainder of the second step of the proof gives a link between co-elementary
equivalence and G-equivalence. As preparation for this, we first recall that a com-
ponent of a topological space is a maximally-connected subset of the space; we
then define a lattice base A for compactum X to satisfy the component prop-
erty if whenever A [CA and U [CAlis a nonempty open subset of X, there is a
component C' of A such that C' CA and C n U 8 [(In particular, F(X) always
satisfies the component property.)

Lemma 2.2. There is a sentence ~ in the first-order language over alphabet L such
that an L-structure satisfies ~ if and only if that structure is isomorphic to a lattice
base with the component property, for some (unique) compactum.

Proof. We use the well-known result that, in a compactum, the component con-
taining a given point is the union of all the clopen neighborhoods of the point. We
also use the easy fact that if A is a member of a lattice base A for a compactum
X, and if A is disconnected, then A has a disconnection consisting of members of
A. Thus, in addition to saying that an L-structure is a normal disjunctive lattice,
~ says the following of a lattice base A for compactum X: Given A and B in A
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such that A = X and B B X, there is a C' LAl such that:

e C [Aland C Bl

e (' is connected; and

e for each D [CA such that D [CAland D n C = [ 1here exist U,V [A such
that C COA D CWAU [W=A,and U nV =[]

It is easy to check that this gives a (II) L-sentence that captures the component
property for lattice bases of compacta.
O

Before we can use Lemma 2.2, we need to connect the component property with
G-covers.

Lemma 2.3. Let A be a lattice base for compactum X, and suppose A satisfies the
component property. If [K, L[ds a perfect pair for X, then there exists a perfect
pair K/, L'for X, satisfying:

(i) each set K K (resp., L [C) is contained in a unique K’ K’ (resp.,
L' C1);
(i) the sets in K’ and L’ are members of A; and
(iii) the maps K B K’ and L B L' define an isomorphism [l g3 K, L[]~
K’ L' Cof perfect pairs.

Proof. We use the fact that A is a lattice base for a compactum, plus induction, to
define L* := {L* : L [T} as follows. For each L I L* is chosen so that:

(a) for any Lq, Ly [0 Ly L} if and only if Ly = Lo, and LT n L5 = [Of and
only if Ll N L2 = L;__‘

(b) LT n L5 n Lj = CIbr each three distinct Ly, Lo, Ly [IF and

(c) L* is a minimal cover of X.

Next, by the definition of perfect pair, each K [K is minimally covered by L.
Thus there is no ambiguity when we define K* A to be | J{L* : L [Tk}

We now use the component property to find, for each L [I, a component L’
of L* such that L' [CA and L’ intersects the interior of L. Then, because L is a
connected subset of L*, L’ is a maximally connected subset of L*, and L n L' 8 [
we have L 11 LY for each L [T1

Since no subset of L besides L is a cover of K for any K [Kl, we may define
K’ [CA unambiguously to be (J{L': L [Tk}

This gives us our pair [K'L’[Jand we need to check that this choice does as
claimed.

First note that L’ covers X because L does; every member of L’ is, by construc-
tion, a subcontinuum of X with nonempty interior; and for each distinct three sets
Li,Ly,Ls 10 Ly n Ly n L L n Ly n L = Vo conditions (1) and (3) hold for
L’. Finally, for any L [T, we know from (c) above that L* \ {L*} is not a cover
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of X; hence neither is L’ \ {L'}. We therefore know that (2) also holds, and thus
that L’ is a G-cover of X.

Next we verify that K’, clearly a cover of X, is also a G-cover. Note that, for
each K [Kland each L [T, L’ is connected and intersects the connected set K.
Hence K’ = |U{L’ : L [k} is a connected superset of K, and so condition (1)
holds for K’. Now suppose ¢ K} n K5 n K, where K1, Ko, K3 [Kl are distinct.
Then, by (5) and (a) above, there are L1, La, Ls [ such that L; CKL, i =1,2,3,
and x I n Lin Lj. Since L is a perfect refinement of K, it follows, by (3) and (4),
that the sets L1, Lo, Ls are distinct and must have empty intersection. But then,
by (b), the sets Lj, L%, L3 also have empty intersection, giving us a contradiction.
Thus K| n K5 n K4 K n K3 n K = Chenever K, Ko, K3 [K are distinct,
and so (3) holds for K’. Finally, for each K [H, K'\ {K'} is not a cover of X
because its union is contained in the union of L'\ {L’} for any L [Tlcontained in
K. Since (2) holds for L', it therefore holds for K'.

Now to check that L’ is a perfect refinement of K’, first note that condition (5)
holds by how we constructed the sets K’ for K [CK. As for condition (4), pick
L O If L A, where K [H, then L’ [K'’ by definition of K’. If L IA,
then, by (c) above, L ILIJKL* : L [Ok}. Hence L IJKL' : L [k}, and hence
L' ICKY. So if L’ is contained in both K{ and KJ, then L is contained in both K
and K. Since (4) holds for the pair [K, L[Jwe have K| = K}.

We need to verify conditions (i)—(iii) above; (ii) is already taken care of. If L. [
then, by (a), L cannot lie in L] for any Ly B L. Thus (i) holds for L. If K; 8 K>
and L [CH, then, as in the last paragraph, L; IAS; and so Ky ICK),. The
verification of condition (iii) is now quite easy: the maps K B K’ and L B L’ are
one-to-one because of (ii); the adjacency /nonadjacency relations are easily checked,
using condition (a) above.

O

The next lemma completes the second step.

Lemma 2.4. If two compacta are co-elementarily equivalent, then they are G-
equivalent.

Proof. From the assumption that compacta X and Y are co-elementarily equiv-
alent, we fix ultrafilters D and E (over index sets I and J, respectively), and a
homeomorphism A : Y, X - > Y. By symmetry it is enough to show that Y
G-dominates X; so let the perfect pair [K, LDbe given for X. Let Kp (resp., Lp) be
{3, K : K K} (resp., {>_p L : L [I0}). Then elementary facts about ultraco-
products tell us that [Kp, Lp Ok a perfect pair for ), X and that the assignments
KB Y 5K, LB ;L define isomorphisms witnessing the fact that >, X G-
dominates X. And, since h is a homeomorphism, we know that [A[Kp], h[Lp]Gs
a perfect pair for > .Y and that the assignments K B h[Y , K], L B h[> p L]
define isomorphisms witnessing the fact that > .Y G-dominates X.

Now F(Y), as a lattice base for Y, trivially satisfies the component property;
hence, by the Lo$ ultraproduct theorem (see, e.g., [7]), so does the lattice base
[[c F(Y) for "o Y. Thus we may find, for each K [Kl and each L [T, ultraco-
product sets ) o K; and ) o L; so that, when we set h[Kp]' :={> o K; : K [Kl}
and h[Lp) = {d ¢ L; : L [}, the pair [AKp|’, h[Lp] s a perfect pair that
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meets the conditions of Lemma 2.3. Furthermore, the assignments K B > . K},
L 3 . L; witness the fact that > .Y G-dominates X in a way that allows us to
pass down to Y.

For each j [T let K; (resp., L;) be {K; : K K} (resp., {L; : L [CLT}). Then
the set of all j [.lsuch that [K;, L,k a perfect pair for Y witnessing the assertion
that Y G-dominates X is a member of E, and is hence nonempty.

O

We are now ready for the third and final step in the proof of graph categoricity; we
are done once we show that two topological graphs are homeomorphic if they are
G-equivalent.

If G is a finite abstract graph, we define the topological realization of G to be
the topological graph T'(G) that is the union of arcs A4, ,, one for each doubleton
set {u,v} of adjacent vertices, where each arc A, , has end points u and v, and
no two such arcs intersect in any points other than end points. Clearly isomorphic
graphs have homeomorphic topological realizations.

We say a G-cover K of a topological graph X is sufficiently fine if X is home-
omorphic to T(N(K)). It thus suffices to show that if X and Y are topological
graphs that are G-equivalent, then X and Y respectively have sufficiently fine G-
covers whose nerves are isomorphic.

Given a Hausdorff space X and a point a X, we define the order of a in
X, to be the least cardinal number « such that a has a neighborhood base of open
sets with boundaries of cardinality at most «. All points in totally disconnected
compacta have order 0; in locally connected compacta the points of order 0 are the
isolated points. A point of order 1 (resp., of finite order = 3) in X is called an end
point (resp., a branch point) of X.

Clearly, if X is a topological graph, then all its points have finite order, and only
finitely many of them have order different from 2. For n any positive integer, an
n-od is the union of n arcs, all intersecting at one common end point, called the
center of the n-od. (An n-od may also be described as the cone over a discrete
set of cardinality n). A topological graph is called a star if it is an n-od for some
n = 3. Note that the center of a star is topologically unique, as the only point of
order = 3.

The following definition is inspired by the tinker toy sets of childhood. Define a
G-cover K of a topological graph X to be proper if:

) K consists of singletons, arcs, and stars;

) no two stars in K intersect each other;

) two arcs in K are disjoint if they both intersect the same star in K;
) no star in K contains any end point of X;

) no arc in K contains more than one end point of X; and

) no arc in K contains a branch point of X.

Lemma 2.5. Any proper G-cover for a topological graph is su Lciehtly fine.

Proof. Our proof uses induction based on the number b(X) of branch points of a
topological graph X. If 5(X) = 0, then X is a finite disjoint union of singletons,
arcs, and simple closed curves. Let K be a proper G-cover for X; and, for each
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component C of X, let Ko be {K [KI: K [CE}. ThenKe ={K [KI: KnC & 3]
and hence K¢ is a proper G-cover of C. We therefore lose no generality in assuming
that X is connected and nondegenerate. By (8), then, K consists only of arcs; by
(12), [K] = 2. Thus N(K) has at least two vertices, and each vertex has order (in
the abstract graph sense) either 1 or 2. So the topological realization of N(K) is
an arc (resp., a simple closed curve) just in case X is an arc (resp., a simple closed
curve). Moreover, it is easy to arrange the homeomorphism h : T(N(K)) - X so
that the image under h of the vertex K [CN(K) is a member of the set K (i.e.,
h(K) CH) for each K K.

Assume k = 0 is fixed, and that the following induction hypothesis holds: If Y
is a topological graph with b(Y) < k, and M is a proper G-cover of Y, then there
is a homeomorphism A : T(N(M)) - Y such that h(M) M for each M M.

Now let X be a topological graph with b(X) = k + 1, and suppose K is a
proper G-cover of X. Fix H [CK, where H is an n-od for some n = 3. Then
{K [KI: Hn K B [Fconsists of precisely n pairwise disjoint arcs Ay, ..., A,. Let
M = K\{H}, with Y = |JM. Then Y is a topological graph, b(Y) = k, and M is a
proper G-cover of Y. By our induction hypothesis, we may pick a homeomorphism
h:T(N(M)) - Y in such a way that h(M) ¥ for each M WM. In particular,
because the vertex A; [CN(M) is an end point of the space T(N(M)), h(4;) is
the unique end point e; of A; that is a member of H, as well as an end point of Y,
1 <i=<mn. Let ¢ [C_H be the center of H. We may extend h : T(N(M)) - Y to
h:T(N(K)) - X by setting h(H) = ¢, and by mapping the open arc in T(N(K))
joining (the points) H to A; homeomorphically onto the open arc in X that joins
¢ to e;. This completes the induction, and the proof of the lemma. ([l

The next lemma is all that is left to establish graph categoricity.

Lemma 2.6. Suppose X and Y are G-equivalent topological graphs. Then X and
Y respectively have proper G-covers whose nerves are isomorphic.

Proof. We begin by defining an n-wheel in a space Z to be a collection {H, S1, ..., S}
of subcontinua of Z, all with nonempty interior, such that each spoke S; intersects
the hub H, and no two spokes intersect each other.

Let K be any proper G-cover of X, and let L be a perfect refinement of K, ob-
tained as follows:

e If K [Klis a singleton, then Lx = {K}.

e If K is an arc, then L is a 2-wheel consisting of arcs, whose hub is disjoint
from J(K\{K3}).

e If K is an n-od, n = 3, then L is an n-wheel whose hub is an n-od disjoint
from |J(K\{K?}), and whose spokes are arcs that contain no branch point
of X.

Since Y G-dominates X, there is a perfect pair [K/,L'[for Y and a perfect pair
isomorphism [fl g1 K, L[]~ [K’,L'[] We are done once we show that K’ is a
proper G-cover of Y; this clearly follows once we show that for any K [Kl, K is a
singleton (resp., an arc, an n-od, n = 3) if and only if the same is true for f(A).
Let us first address the issue of singleton sets. Note that x is an isolated point
of X if and only if {z} is a member of any G-cover of X. So if K [K is not a
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singleton, then, because |Lx| > 1, f(K) is not a singleton either. Thus, if Y has
exactly n islolated points (and K’ has exactly n singletons), then there must be at
least n singletons in K. But it is also the case that X G-dominates Y, enabling a
reversal of the argument. Thus there must be exactly n isolated points in X, and
n singletons in K. From this it follows that f(K) is a singleton in K’ if and only if
K is a singleton in K.

Suppose H [K is an n-od, n = 3, say Ly is the n-wheel {Hy, L1,...,L,}, as
specified above. Then f(H) is the union of the members of the n-wheel
{9(Hyp),g(L1),...,9(Ln)}. It follows easily that there is a branch point by of Y
that has order = n, which is contained in g(Hy) [f1H), and which fails to lie in
f(K) for any K CKIN{H}. In particular, by, B by, for any two stars Hy, Hy [KL.
This tells us that Y has at least as many branch points as X. Since X G-dominates
Y, we may repeat the argument above and reverse the inequality, to conclude that
X and Y have the same number of branch points. From this we infer: (i) that
f(H) contains exactly one branch point of Y, for each star H [K; and (ii) that
f(A) fails to contain any branch point of Y when A [Klis an arc.

Now suppose A [K is an arc. We know from the argument above concerning
isolated points that f(A) is not a singleton. Since f(A) is then a nondegenerate
subcontinuum of the topological graph Y, it too must be a topological graph (see
[10]). We know from the last paragraph that f(A) contains no branch point. And,
since L4 is a 2-wheel, L, ;) must also be a 2-wheel; hence f(A) cannot be a simple
closed curve. Therefore f(A) must be an arc, and we infer that K’ consists of
singletons, arcs, and stars. This tells us, then, that f(K) is a singleton (resp., arc,
star) in K’ if and only if K is a singleton (resp., arc, star) in K, and immediately
gives us conditions (8), (9), and (10) in the definition of proper G-cover. We also
showed above that the branch points of Y are all of the form by, for H a star in K,
and that by [ JIK) for any K CRI\{H}. This implies that condition (13) holds
as well. Also, since each arc in K must intersect another member of K, the same
is true for arcs in K’. Thus condition (12) holds; what is left to show is condition
(11).

We have established that if H [K is an n-od, then f(H) is a continuum that
contains exactly one branch point by, and that point has order = n. Thus f(H)
is an m-od for some m = n. We will have established condition (11) once we show
m = n always holds.

First note that if X has no branch points, then K has no stars. Thus neither
does K’, and we are done. Also note that if y is any point of order £ = 3 in Y, then,
because X G-dominates Y, there must be a point y* of order = k in X; moreover,
this assignment y B y* is a one-to-one function between finite sets, and therefore
a bijection. So suppose n; is the maximal order of a point in X, say H [Klis an
ni-od, ny = 3. If the order of by is m > nq, then the point b}; has order > n; in
X, a contradiction. Thus m = n; in this case. The converse also holds, so we know
that by has order ny in Y if and only if H is an ni-od in K, ny = 3.

If there are no branch points other than those of maximal order ni, we are done.
Otherwise, suppose 3 < ng < nj, where there are branch points in X of order na,
but none of any order no < k < n;. Let H [Kl now be an ns-od. Then the order
of by in Y is some m, no = m < ny. But then the order of b7 in X is some k,
no <m < k < nq; hence kK = m = ny. We thus come to the same conclusion as we
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did in the last paragraph: by has order ng in Y if and only if H is an ns-od in K,
o = 3.

This procedure may be continued for as long as necessary, treating ever smaller
orders of branch points until they run out. We therefore conclude that the order of
by in Y equals the order of the center of H for every star H [Kl. This completes
the proof of the graph categoricity theorem. O

REFERENCES

[1] P. Bankston, Reduced coproducts of compact Hausdor spaces, J. Symbolic Logic 52 (1987),
404-424.

, Model-theoretic characterizations of arcs and simple closed curves, Proc. Amer.

Math. Soc. 104 (1988), 898-904.

, Co-elementary equivalence, co-elementary maps, and generalized arcs, Proc. Amer.

Math. Soc. 125 (1997), 3715-3720.

, A survey of ultraproduct constructions in general topology, Topology Atlas Invited

Contributions 8 (2003), 1-32.

2]

[3]

[4]

(5] , Dendrites, topological graphs, and 2-dominance, Houston J. Math. (to appear).
[6] , Categorical compact Hausdor spaces, (submitted).

[7] C. C. Chang and H. J. Keisler, Model Theory, third ed., North Holland, Amsterdam, 1990.
(8]

8] R. Gurevi¢, On ultracoproducts of compact Hausdor spaces, J. Symbolic Logic 53 (1988),
294-300.
[9] K. P. Hart, There is no categorical metric continuum, (preprint).
[10] S. B. Nadler, Jr., Continuum Theory, an Introduction, Marcel Dekker, New York, 1992.
[11] H. Walman, Lattices and topological spaces, Ann. Math. (2) 39 (1938), 112-126.

DEPARTMENT OF MATHEMATICS, STATISTICS AND COMPUTER SCIENCE, MARQUETTE UNIVER-
SITY, MILWAUKEE, WI 53201-1881
E-mail address: paulb@mscs.mu.edu



