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Abstract. A compact Hausdorff space X is categorical if any compact
Hausdorff space that is co-elementarily equivalent to X, and of the same
weight as X, is actually homeomorphic to X. This is a precise mirror im-
age of the model-theoretic notion of categoricity, naturally extending what
would inevitably occur in the zero-dimensional case from Stone duality.

Any Cantor space, with a sprinkling of finitely many isolated points thrown
in, is categorical in our sense; in this paper we present evidence for the con-
jecture that all categorical compact Hausdorff spaces are zero-dimensional.

1. introduction

Our notion of categoricity in the compact Hausdorff context parallels the one model
theorists use: If X is a compact Hausdorff space (compactum, for short), then we
say X is categorical if it is impossible for a compactum to be co-elementarily
equivalent to X , have the same weight as X , and still fail to be homeomorphic to
X .

The prototypical example of categoricity in model theory is that of the orded set
Q of rational numbers: Any countable relational structure with one distinguished
binary relation is isomorphic to Q just in case it is elementarily equivalent to Q.
(Other examples include the field of complex numbers and the free Boolean algebra
on countably many generators.) Since, by the Keisler-Shelah ultrapower theorem
(see [12]), elementary equivalence means having isomorphic ultrapowers, we define
co-elementary equivalence in terms of having homeomorphic ultracopowers. And
since having the same weight on the compact Hausdorff side corresponds to having
the same cardinality on the model-theoretic side, we obtain a notion of categoricity
that is a precise mirror image (in the setting of category theory, see [2, 8]) of the
one in model theory.

The Cantor discontinuum C is an example of the kind of categoricity we are
talking about. One way to specify C is to take the Tychonov product of count-
ably many copies of the discrete two-point space; C is characterized by being the
only compact metrizable space that is zero-dimensional and has no isolated points.
In the setting of zero-dimensional compacta (i.e., Boolean spaces), Stone duality
provides a precise correspondence between the topological ultracoproduct and the
usual model-theoretic ultraproduct, restricted to Boolean algebras. Moreover, since
the Boolean algebra of clopen subsets of the Cantor space is the only one that is
countable and atomless, it is categorical in the model-theoretic sense. Now the ul-
tracoproduct construction extends naturally to the wider context of all compacta;
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also a compactum that is co-elementarily equivalent to a Boolean space is Boolean
as well. This tells us that the Cantor space is categorical in our topological sense.

When two compacta are co-elementarily equivalent, they share many features
(e.g., being finite, being of covering dimension n, being connected, being a hered-
itarily indecomposable continuum), and generally fail to share many others (e.g.,
being metrizable, being of large inductive dimension n, being locally connected,
being a hereditarily decomposable continuum). It turns out that, on the whole, co-
elementary equivalence is quite blunt as equivalence relations go; one should expect
categoricity to be a pretty rare phenomenon. The results so far suggest (but fall
far short of proving) that being a categorical compactum implies being a Boolean
space. In the sequel we present evidence for this.

2. preliminaries

Playing a pivotal role in our model-theoretic study of compacta is the ultracoprod-
uct construction, the most direct definition of which is in terms of the Stone-Čech
compactification. Given an indexed family {Xi}i∈I of compacta and an ultrafilter
D on I, we let Y be the disjoint union

⋃
i∈I(Xi × {i}), with q : Y → I the map

that takes a point in Y to its unique index in I. Letting qβ : β(Y ) → β(I) be the
lifting of q to the respective Stone-Čech compactifications, the ultracoproduct of
the family relative to D is the inverse image under qβ of D ∈ β(I). This space, a
closed subspace of β(Y ), is denoted

∑
D Xi. When each Xi is the same space X ,

we have the ultracopower of X relative to D, denoted XI\D. In this case the
disjoint union Y becomes the product space X × I; the map q is now a coordinate
projection map. With p : Y → X denoting the other coordinate projection, we
define pX,D to be the restriction of pβ to XI\D, a continuous surjection to X .
pX,D is called the standard ultracopower (codiagonal) projection.

If X is any topological space, a lattice base for X is any lattice A of closed
sets that also forms a base for the closed sets (i.e., A is a meet-dense sublattice of
the closed set lattice F (X)). The weight of X is just the greater of ℵ0 and the
smallest cardinal κ such that X has a lattice base of cardinality κ. The connection
between ultracoproducts of compacta and ultraproducts of algebraic structures may
be made more precise in the following fundamental result (see [2, 8, 13]).

Theorem 2.1. Let {Xi}i∈I be an I-indexed family of compacta, with D an ultrafil-
ter on I. If, for each i ∈ I, Ai is a lattice base for Xi, then the ultraproduct lattice∏

DAi is isomorphic to a lattice base for
∑

D Xi. Moreover, the clopen set lattice
of the ultracoproduct is isomorphic to the corresponding ultraproduct of the clopen
set lattices of the factor spaces.

Because of the ultrapower theorem of H. J. Keisler and S. Shelah (along with other
key results, see [12]), many concepts arising from semantical notions of first-order
logic may be recast purely in algebraic terms involving ultraproducts. This then
allows us to introduce these concepts meaningfully into the topological context
via ultracoproducts. The main concept of interest here is that of co-elementary
equivalence, first introduced in [2]. (See, e.g., [6, 8, 9] for others.)
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Two compacta X and Y are co-elementarily equivalent if an ultrocopower of
one is homeomorphic to an ultracopower of the other. This is an exact dual of the
model-theoretic notion of elementary equivalence; moreover, two compacta are co-
elementarily equivalent if they are elementarily tolerant–i.e., if one of them has
a lattice base that is elementarily equivalent to a lattice base of the other. (N.B.:
in [14], K. P. Hart uses the term elementarily equivalent to describe when two com-
pacta are elementarily tolerant in our sense. While this leads to no problems, it
should be pointed out that it is as yet unknown whether elementary tolerance is
a true equivalence relation. What is known [5], and not difficult to prove, is that
co-elementary equivalence is the same as the binary-relational square of elementary
tolerance.)

3. a brief history

It will be convenient to introduce some simplifying terminology. Let us say that a
compactum Y is a copy of the compactum X if Y has the same weight as X and
Y is co-elementarily equivalent to X . (So X and Y are copies of one another if
they are both of the same weight and are elementarily tolerant.) A copy Y of X is
a true copy if Y is homeomorphic to X ; Y is a false copy otherwise.

In [15], the authors showed that the standard closed unit interval I = [0, 1] is
“categorical,” in the sense that if X is any metrizable topological space (compact or
not), and if the closed set lattices F (X) and F (I) are elementarily equivalent, then
X and I are homeomorphic. In a private conversation some years back, one of the
authors (C. W. Henson) asked me whether I could be categorical in our (stronger
in the compact setting) sense too, and this became Question 3.3.10 in [2]. In [13]
R. Gurevič provided a negative answer, showing that I has a copy that fails to be
locally connected; and in [5] we extended this result (Theorem 2.10) to show that
every infinite compactum has a copy that fails to be locally connected. This gives
us our first general theorem regarding categorical compacta.

Theorem 3.1. If X is an infinite compactum that is categorical, then X fails to
be locally connected.

Two additional general results should be mentioned here. The first, personally
communicated to me by Henson, is a strengthing of Theorem 3.1 in the metrizable
case. It uses a Banach space model theory version of the classical characterization
of categoricity in power ℵ0, due to C. Ryll-Nardzewski (and independently also to
E. Engeler and L. Svenonius, see [12]), and is set to appear in the forthcoming
monograph [16]. By way of terminology: a continuum is a connected compactum;
a subcontinuum of a space is a subspace that is also a continuum.

Theorem 3.2. If X is a metrizable compactum that is categorical, then there is a
natural number N such that every collection of pairwise disjoint subcontinua with
nonempty interiors has cardinality ≤ N .

The second additional general result is quite recent, and deals with the continuum-
theoretic notion of chainability. Recall (see [18]) that a compactum X is chainable
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if, for every open cover U of X , there is a finite refining cover whose members can
be ordered {U1, . . . , Un} so that Ui ∩ Uj 6= ∅ if and only if |i − j| ≤ 1. (Of course
any chainable compactum is automatically a continuum.) An immediate corollary
of the lead result of [1] (i.e., Theorem 1.2) is the following.

Theorem 3.3. If X is a compactum that has more than one point and is categor-
ical, then X fails to be chainable.

4. two mapping theorems

The first mapping theorem we wish to discuss is due to K. P. Hart [14]; we para-
phrase slightly.

Theorem 4.1. Let X and Y be metrizable continua, where X is nondegenerate
(i.e., having more than one point). Then there is a copy of X that has Y as a
continuous image.

Remarks 4.2. (i) In an early-circulated version of [1], we posed the question
of whether the pseudo-arc (see, e.g., [17, 18]) is categorical. We subse-
quently arrived at Theorem 3.3, providing a negative answer; meanwhile
Hart came up with Theorem 4.1, providing an independent (though wider-
reaching) negative answer. For, given Z. Waraszkiewicz’s result [20] that
there can be no metrizable continuum that has every metrizable continuum
as continuous image, one merely starts with any nondegenerate metrizable
continuum X , picks metrizable continuum Y which is not a continuous im-
age of X , and uses Theorem 4.1 to find a copy Z of X that does have Y
as continuous image. Z is therefore a false copy of X , and X cannot be
categorical.

(ii) In the proof of the main lemma supporting Theorem 4.1, there is essential
use made of the connectedness of Y ; but the only appeal to the connect-
edness of X is to assert the existence of a continuous map from X onto
the closed unit interval I. For this, however, all we need to assume about
X is that it be nonscattered ; i.e., that it have a nonempty closed subset
which has no isolated points in its subspace topology. For then, because X
is compact metrizable, X must contain a Cantor set. This Cantor set then
maps continuously onto I (indeed, onto any compact metrizable space, see
Theorem 30.7 in [21]). And by Tietze’s extension theorem, so also does X.

In view of Remark 4.2(ii) above, an easy corollary of the proof of Theorem 4.1 is
the following.

Theorem 4.3. Let X and Y be metrizable compacta, where X is nonscattered and
Y is connected. Then there is a copy of X that has Y as a continuous image.
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The second mapping theorem under consideration derives very quickly from the
work in [9]. We first need to define the concepts of co-existential map and of ω-
limit. So let f : X → Y be a function. f is called a co-existential map if there
is an ultrafilter D on a set I and a continuous surjection g : Y I\D → X such that
f ◦ g = pY,D. Co-existential maps (see [4, 6]) are continuous surjections that repre-
sent the topological mirror image of existential embeddings in model theory. They
preserve important properties not preserved in general by continuous surjections,
and are always weakly confluent maps; i.e., maps for which subcontinua in the
range space are images of subcontinua in the domain space. (A co-existential map
is actually monotone when the range space is locally connected.) Next suppose X
is a given compactum. We say Y is an ω-limit of X if Y is the limit of an inverse

system X
f0← X

f1← . . . , where each bonding map fn is a continuous surjection,
n < ω. We may now state our second mapping theorem as follows.

Theorem 4.4. Let X and Y be metrizable compacta, where Y is an ω-limit of X.
Then there is a copy of X that has Y as a co-existential image.

Proof. By Corollary 2.1 in [9], if D is a free ultrafilter on ω, then there is a co-
existential map f : Xω\D → Y . By the topological version of the Löwenheim-

Skolem theorem (see, say, Theorem 3.1 in [6]), there is a factorization Xω\D g→
Z

h→ Y , where g is co-elementary, Z is compact metrizable, and h◦g = f . Z is then
a copy of X ; that h is a co-existenial map immediately follows from the definition.

�

5. applications

Note that Theorems 3.1, 3.2, and 3.3 all take the form: If X is a compactum that
satisfies some standard extra topological conditions (e.g., metrizability, being infi-
nite), and if X is also categorical, then X satisfies some other topological conditions
(e.g., failing to be locally connected, failing to be chainable). Let us informally say
that a given theorem of this type eliminates a compactum X if X satisfies the
hypotheses, with categoricity deleted, but fails to satisfy the conclusion. Thus we
have used the theorem to show that X is noncategorical. For example, Theorem
3.1 eliminates all infinite locally connected compacta, but fails to eliminate, say,
the pseudo-arc. We continue in this vein with the following immediate consequence
of Theorem 4.3.

Corollary 5.1. If X is a metrizable compactum that is nonscattered and categori-
cal, then every metrizable continuum is a continuous image of X.

There is also a corresponding immediate consequence of Theorem 4.4.

Corollary 5.2. If X is a metrizable compactum that is categorical, then every ω-
limit of X is a co-existential image of X.

Our goals in this section are:
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(i) to replace “nonscattered” in the statement of Corollary 5.1 with the weaker
hypothesis “infinite;” and

(ii) to demonstrate decisively that neither one of Corollaries 5.1 and 5.2 is a
consequence of the other.

In order to achieve Goal (i), we need to show that scattered compact metric spaces
are categorical just in case they are finite. The next three results accomplish this
for us.

Theorem 5.3. Let X be an infinite metrizable compactum. Then X has a copy
that has c := 2ℵ0 points.

Proof. If X is nonscattered, there is nothing to prove; so we assume X is scattered.
Suppose first that X is a simple sequence; i.e., the ordinal ω + 1 = {0, 1, . . . , ω}
with the order topology. We define the map f : X → X by sending 0 and ω to
ω; and, for n < ω, sending 2n + 1 and 2n + 2 to n. Then f is continuous, and
each fibre f−1[{x}] has exactly two points. Let Y be the ω-limit of X , where each
fn is f . Points of Y are infinite sequences s ∈ Xω such that sn = f(sn+1) for
each n < ω. Given any x ∈ X , the number of such sequences s, with s0 = x, is
in one-one correspondence with the branches of an infinite binary tree of height ω.
Thus Y has c points. By Theorem 4.4, X has a copy that has Y as a co-existential
image. In particular, X has a copy with c points.

Now assume X is any infinite compact metrizable space that is scattered. Let
X ′ be the derived set (i.e., set of limit points) of X . Since X is infinite and
compact, X ′ is nonempty. Since X is scattered, X ′ has an isolated point, say x.
Scattered compacta are totally disconnected, hence zero-dimensional, so there is
a clopen subset U of X such that U ∩ X ′ = {x}. Since x is the only limit point
of U , a compact metric space, U must be a simple sequence. So we may define a
continuous f : X → X to take U to itself, with each fibre a doubleton set (as in the
last paragraph), and to leave everything else fixed. We then argue as in the last
paragraph to conclude that X has a copy with c points.

�

For any space X , we define X0 to be X ; and, for each n < ω, Xn+1 to be (Xn)′.
For a point x ∈ X , we say x has rank n (in symbols, rk(x) = n) if there is some
(unique) n < ω such that x ∈ Xn \Xn+1.

Theorem 5.4. Let X be a metrizable compactum that has points of arbitrarily high
finite rank. Then X has a copy that is nonscattered.

Proof. Let A be defined to be the set of all sequences s ∈ Xω such that, for some
N < ω, we have rk(sn) < rk(sn+1) for all n ≥ N . By our hypothesis, we know that
A is nonempty. Let D be a free ultrafilter on ω. We denote by Xω/D the topological
ultrapower of X (see, e.g., [8]), a space that is noncompact, but which naturally
embeds as a dense subspace of the ultracopwer Xω\D. Let us call a subset of a
space perfect if it has no isolated points in its subspace topology. (By this definition,
perfect subsets need not be closed.) So if the ultrapower has a nonempty perfect
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subset, then we may take its closure in the ultracopower to obtain a perfect closed
subset there.

We denote the D-equivalence class of s ∈ Xω by [s]D; a basic open neighborhood
of [s]D is an ultraproduct

∏
D Un, where each Un is open in X and {n < ω : sn ∈

Un} ∈ D.
We claim that the nonempty set [A]D := {[s]D : s ∈ A} is a perfect subset

of Xω/D. Indeed, suppose s ∈ A. Then there is some fixed N < ω such that
0 < rk(sN ) < rk(sN+1) < . . . . Let

∏
D Un be a basic open neighborhood of [s]D.

We aim to find some t ∈ A such that [t]D 6= [s]D and [t]D ∈ [A]D. For each n ≥ N ,
let mn = rk(sn). Since sn ∈ Xmn \ Xmn+1, we lose no generality in assuming
Un ∩Xmn = {sn}. And, since, 0 < mN < mN+1 < . . . , we have, for each n ≥ N ,
some tn ∈ (Xmn−1 \Xmn) ∩ Un. Since {N, N + 1, . . . } ∈ D for every N < ω, our
aim is easily seen to be met.

What we have shown so far is that Xω\D has a nonempty perfect closed subset,
call it P . Let A now be any countable elementary sublattice of F (Xω\D) such that
P ∈ A. Then it is a standard argument to show that the Stone space (i.e., space
of maximal filters) of A is a copy of X that is nonscattered.

�

Theorem 5.5. Let X be a metrizable scattered compactum. Then X is categorical
if and only if X is finite.

Proof. Clearly any finite compactum is categorical, so assume that X is an infinite
metrizable scattered compactum. If X has points of arbitrarily large finite rank,
then we may infer from Theorem 5.4 that X is noncategorical. Otherwise, there
is a largest N < ω such that XN 6= ∅. Each Xn \ Xn+1 must be countable, so
this tells us that X must be countable as well. But then X is noncategorical by
Theorem 5.3.

�

Goal (i) is now immediate from Corollary 5.1 and Theorem 5.5.

Corollary 5.6. If X is an infinite metrizable compactum that is categorical, then
every metrizable continuum is a continuous image of X.

Recalling Remark 4.2, all nondegenerate continua are eliminated by Corollary 5.1;
in particular, the pseudo-arc is so eliminated. This space is not eliminated by
Corollary 5.2, however, because every ω-limit of a pseudo-arc is again a pseudo-
arc. (We are grateful to D. Bellamy for pointing this out in conversation.) So
Corollary 5.1 is clearly not a consequence of Corollary 5.2. On the other hand,
since the Cantor space C continuously maps onto every metrizable compactum,
and the product of any compactum with C continuously maps onto C, we see that
Corollary 5.1 fails to eliminate any compactum of the form X × C. We finish this
section by showing that Corollary 5.2 does indeed eliminate I × C, inter alia; and
hence that Corollary 5.2 is not a consequence of Corollary 5.1 (achieving Goal (ii)).

We call a space a bar code if it is homeomorphic to a product I× Y , where Y
is a Boolean space. We say a metrizable compactum X contains an open bar
code if X contains a homeomorphic replica of a bar code, and that replica has
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nonempty interior in X . An example of such a space is a solenoid; i.e., the limit of
an ω-indexed inverse system of circles and surjective bonding maps of order ≥ 2.
Another example, not eliminated by Corollary 5.1, is Σ×C, where Σ is a solenoid.

A continuum is termed decomposable if is a union of two proper subcontinua;
it is indecomposable otherwise. A compactum is termed hereditarily decom-
posable if every nondegenerate subcontinuum is decomposable. Every bar code,
for example is a hereditarily decomposable compactum. By Theorem 2.4 in [7],
co-existential maps are weakly confluent, and by Exercise 13.66 in [18], weakly
confluent images of hereditarily decomposable metrizable continua are hereditarily
decomposable. We would like to modify this preservation result, with an eye toward
eliminating compacta such as Σ× C as being categorical.

Lemma 5.7. Assume that f : X → Y is a co-existential map between compacta.
If Z is an indecomposable continuum that is properly contained in a subcontinuum
of Y , then Z = f [W ], where W is an indecomposable continuum that is properly
contained in a subcontinuum of X.

Proof. By Theorem 2.4 in [7], there is a ∪-semilattice homomorphism f∗ from the
subcompacta of Y to the subcompacta of X such that: (i) for each subcompactum
K of Y , f [f∗(K)] = K; and (ii) f∗(K) is connected whenever K is.

Suppose Z is an indecomposable continuum that is properly contained in a sub-
continuum M of Y . Then f∗(Z) and f∗(M) are subcontinua of X , and f∗(Z) is a
proper subcontinuum of f∗(M). We consider the set of subcontinua of f∗(Z) that
map onto Z as being partially ordered by reverse set inclusion; it is easy to see by a
Zorn’s lemma argument, then, that there is a subcontinuum W of f∗(Z) such that
f [W ] = Z, but f [H ] 6= Z for any proper subcontinuum H of W . Clearly, because
Z is indecomposable, W must be indecomposable as well. W is properly contained
in the subcontinuum f∗(M) of X , completing the proof.

�

Theorem 5.8. Let X be a metrizable compactum that contains an open bar code.
Then X has a copy that contains an indecomposable subcontinuum that is not a
component.

Proof. Let h : I × Y → X be a homeomorphism of a bar code onto a subspace of
X that has nonempty interior. Then there is an open subinterval (a, b) of I, with
0 < a < b < 1, and a nonempty clopen subset U of Y such that h[(a, b)×U ] is open
in X , and its closure in X is h[[a, b]×U ]. Let f : I→ I fix the points in [0, a]∪ [b, 1]
and map [a, b] to itself using a piecewise linear function whose graph consists of three
line segments: the first joining 〈a, a〉 to 〈a+ b−a

3 , b〉; the second joining 〈a+ b−a
3 , b〉 to

〈a+ 2(b−a)
3 , a〉; and the third joining 〈a+ 2(b−a)

3 , a〉 to 〈b, b〉. Then the ω-limit of [a, b]
with bonding maps f |[a, b] is an indecomposable continuum (see, e.g., [18]); hence
the ω-limit of I with bonding maps f contains an indecomposable subcontinuum.
We now define g : I × Y → I × Y by g(t, y) := 〈f(t), y〉. Then the ω-limit of
I × Y with bonding maps g contains an indecomposable subcontinuum. Finally,
using the embedding h, we easily define the continuous surjection F : X → X to
be the identity map outside h[I × Y ], and to be h ◦ f ◦ h−1 inside. Then the ω-
limit of X with bonding maps F contains an indecomposable continuum properly
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contained in a subcontinuum. And, by Theorem 4.4, this ω-limit is a co-existential
image of a copy Z of X . By Lemma 5.7, then, Z must contain an indecomposable
subcontinuum that is not a component of Z.

�

Corollary 5.9. If X is a metrizable compactum with the property that no compo-
nent properly contains an indecomposable subcontinuum, and if X also contains an
open bar code, then X fails to be categorical.

We thus have an assortment of noncategorical metrizable compacta that are elim-
inated by Corollary 5.2, but not by Corollary 5.1; and Goal (ii) is now realized:
Spaces like I× C are eliminated directly by Corollary 5.9 because they are heredi-
tarily decomposable; spaces like Σ× C are likewise eliminated because every non-
degenerate proper subcontinuum of Σ is a true copy of I.

6. comments and questions

The most obvious question at this point is the following.

Question 6.1. Does there exist a categorical compactum (metrizable or otherwise)
of positive dimension? [Spaces such as the product of a pseudo-arc and a Cantor
set are not eliminated by any results presented here.]

The concept of topological categoricity may easily be relativized to certain select
classes of compacta, to wit: Let K be a class of compacta. A member X of K is
K-categorical if X has no fake copies in K. We are interested here in three pos-
sibilities for K, namely the classes of locally connected, chainable, and hereditarily
decomposable compacta. For convenience, we use the nomenclature lc-categorical,
ch-categorical, and hd-categorical, respectively.

Arcs and simple closed curves are lc-categorical (Theorem 0.6 in [3]), as are sim-
ple n-ods ; i.e., cones over finite discrete sets (Corollary 2.15 in [10]). Recently we
have been able to extend this result to all topological graphs (Theorem 1.2 in [11]).

Question 6.2. Which locally connected metrizable compacta are lc-categorical?
[We currently have no examples that are not lc-categorical.]

An ultracoproduct
∑

D Xi of compacta is a hereditarily indecomposable continuum
if and only if {i ∈ I : Xi is a hereditarily indecomposable continuum} ∈ D. (See
Corollary 4.10 in [9]. M. Smith [19] first showed that ultracopowers of hereditar-
ily indecomposable continua are hereditarily indecomposable.) Consequently, the
pseudo-arc is ch-categorical.

Question 6.3. Is I either ch-categorical or hd-categorical? [An obvious space
to compare to I is the sin( 1

x )-curve S; i.e., the union in R2 of {0} × [−1, 1] and

{〈x, sin( 1
x )〉 : 0 < x ≤ 1}. S is both chainable and hereditarily decomposable; the

remaining question is whether it is a copy of I.]
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Question 6.4. Is elementary tolerance the same as co-elementary equivalence?
[Showing two compacta to be elementarily tolerant is the only way we know how to
show them to be co-elementarily equivalent.]
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