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Abstract—Hybrid Petri nets with general transitions (HPnGs)
provide a formalism for modeling safety-critical systems and eval-
uating their dependability with means of model checking. HPnGs
form a restricted subclass of Stochastic Hybrid Automata and
allow discrete, continuous and stochastic variables. Previously,
discrete-event simulation and Statistical Model Checking (SMC)
have been used to overcome the restrictions of existing analytical
approaches, e.g., to a limited number of random variables. Also
when simulating, the evolution of continuous variables has been
restricted to piecewise-linear trajectories, where derivatives do
not change between two events. Here, we extend the modeling
formalism, the simulation and SMC approach to variables with a
non-linear continuous evolution. The core idea of this extension
lies in transforming the input system into a so-called second-order
quantized state system. A case study on the Kinetic Battery Model
validates our approach by comparing results to those obtained
by Matlab.

I. INTRODUCTION

When dealing with safety-critical systems, for example
power distribution networks, one often has to consider both
discrete and continuous features. Those systems are then
called hybrid systems. In addition, many real systems also
exhibit random behavior, for example within their failure and
repair processes. The modeling formalism of hybrid Petri
nets with general transitions (HPnGs) [1] is well-suited for
modeling hybrid systems with stochastic variables and evalu-
ating their dependability. Previous analytical approaches [1]–
[4] for HPnGs have been restricted to models with piecewise-
linear continuous evolution and their analysis was restricted
to a maximum of one or two random variables. However, in
reality the continuous system evolution is often non-linear and
expressed as differential equations. As an example, the state-
of-charge of a battery evolves non-linearly, even when charged
or discharged with a constant load [5].

This work aims at expanding a previously presented ap-
proach towards non-linear continuous variables. [6] presented
discrete-event simulation (DES) and time-bounded Statistical
Model Checking (SMC) of HPnGs for continuous variables
with a piecewise-linear evolution. It provides three major
contributions: Firstly, the syntax and semantic of HPnGs are
extended to include dynamic continuous transitions, which
allows modeling non-linear continuous evolution. Secondly,
the existing DES approach for HPnGs is extended to cope
with non-linear trajectories, which is achieved by transforming
the input system into a so-called second-order quantized state

system (QSS2) [7]. Third, the SMC approach is extended
according to the error introduced by the transformation to a
QSS2. Within QSS2, the continuous state variables are ap-
proximated as piecewise-linear trajectories, whose derivatives
are updated whenever the function value deviates too far from
the original value. On the one hand, this approach requires the
estimation of the trajectory of the original state variable and on
the other hand the prediction of the point in time when the next
recalculation should take place. Furthermore, the deviation of
the approximated values from the original values has to be
considered, when model checking properties that depend on
the values of the continuous variables.

Based on the challenges identified above, we present an
approach to verify several (safety) properties on systems with
discrete, non-linear continuous and a large number of stochas-
tic variables, which follow arbitrary distributions. This work
is restricted to systems that can be represented by systems
of ordinary differential equations (ODEs), which only contain
time as independent variable. An extension for other classes
of differential equations might be feasible in the future. Our
approach has been implemented in the Java tool HYPEG [8],
which is available on Github1.

A case study featuring the non-linear battery model KiBaM
[9] is used to validate our results by comparison to a hard-
coded analysis implemented in Matlab. In [10], the KiBaM
has been compared to the so-called diffusion model when
computing lifetimes of a pocket computer battery. The KiBaM
model has previously been used for modeling the battery
of a low-earth-orbit satellite, named GOMX-3, to solve the
task scheduling problem for this satellite [11]. While the
first approach hard-coded the equations of the KiBaM model,
the second one uses a discretization approach to analyze the
stochastic KiBaM model, which is induced by a Markov task
process.

Being able to model such battery behavior in terms of a
hybrid Petri net will allow more realistic models of smart
homes, e.g., adapting the smart house models in [10], [12],
[13] and the electric vehicle models in [14], [15].

A. Related Work
Hybrid Petri nets with general transitions (HPnGs) [1] form

a restricted subclass of Stochastic Hybrid Automata (SHAs)

1https://github.com/jannikhuels/libhpng
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[16], which additionally allow non-deterministic behavior. In
HPnGs, non-determinism is resolved by assigning priorities
and weights to the transitions.

Other common subclasses of SHA are amongst others
Stochastic Timed Automata (STAs) and Hybrid Automata
(HAs). The former (e.g., c.f. [17]) form an extension of Timed
Automata, which are equipped with probability measures,
such that they are able to model stochastic variables but
exclude continuous variables. The latter (c.f. [18]) combine
discrete and continuous (i.e., hybrid) features but exclude
random behavior. An extension of HAs is given by Linear
Stochastic Hybrid Automata (LSHA) [19], which are able to
model systems that can be represented by Poisson processes
and stochastic differential equations (SDEs).

This work extends HPnGs to models whose continuous
behavior is described by systems of ordinary differential
equations (ODEs). A simulation of such behavior always
requires either an approximation of time or state. Next to
various algorithms for ODE solving, which are based on
time discretization, Kofman and Junco introduced so-called
Quantized State Systems (QSS) [20], which are based on the
work of Zeigler and Lee on quantized systems [21]. Kofman
and Junco add a quantization function equipped with hysteresis
to the piecewise-linear behavior of state variables and thus
convert it into piecewise-constant behavior. The resulting QSS
approximates the continuous behavior of the original system
and can be simulated by discrete-event simulation. In [7], Kof-
man introduced second-order quantized state systems (QSS2),
in which state variables with piecewise-parabolic trajectories
(i.e., piecewise-linear derivatives) are converted to variables
with piecewise-linear trajectories, again by an added quanti-
zation function. He shows that in case of a linear time-invariant
system, the error resulting from the QSS2 transformation can
be bounded by a linear function of the quantization.

Kofman presents a Discrete Event System Specification
(DEVS) for the QSS2, which uses a quadratic Taylor polyno-
mial approximation of the input trajectories. He proves that
QSS2, which result from a transformation of linear time-
invariant systems, can be modeled exactly by this DEVS.
However, he points out that QSS2 resulting from general non-
linear systems do not have an exact DEVS representation,
but can be represented by the given approximated DEVS
model. Hence, by adding a quantizer, any input system with
non-linear continuous variables can be transformed into a
QSS2. For linear time-invariant systems, the resulting QSS2
can be exactly simulated according to the DEVS model and
for non-linear general systems, the resulting QSS2 can be
approximated (using Taylor polynomial approximation) and
thus be simulated as well by the DEVS. In [22], the QSS2
method is extended for differential algebraic equation (DAE)
systems. Since his original method was restricted to continuous
systems, Kofman has extended his approach to hybrid systems
in [23] by taking both the continuous and discrete parts of a
system into account when determining the next event within
discrete-event simulation.

In this work, we present a discrete-event simulation ap-

proach, which adds quantizers to the non-linear continuous
variables of an HPnG, resulting in a QSS2. Hence, we are able
to overcome the restriction to piecewise-linearity and hence,
to approximately simulate non-linear continuous trajectories.

Statistical Model Checking (SMC) [24] has previously been
applied to different models with stochastic variables, for exam-
ple to Markov chains in [25] and STAs in [26]. Another Petri
net formalism is given by Fluid Stochastic Petri Nets (FSPNs)
[27], for which DES has been investigated in [28]. The
continuous behavior of FSPNs is also described by differential
equation. However, firing times in these models are restricted
to exponential distributions. Uppaal SMC [29], [30] is able to
do Statistical Model Checking for stochastic hybrid models,
where the continuous behaviors follows ODEs. It is also
able to model random timing following arbitrary distributions.
However, modeling and implementation of such delays is cum-
bersome. A different approach for bounded model checking
is proposed in [31]. Furthermore, [32] introduces a Statistical
Model Checking approach that combines rare-event simulation
with scheduler sampling for nondeterministic models.

Within this work, we use an HPnG model of the Kinetic
Battery Model (KiBaM) by Manwell and McGowan [9] as
running example, which later also serves as case study. When
modeling the charging and discharging behavior of batteries,
a linear approximation of the state-of-charge is often not
sufficient. The KiBaM provides a popular model for batteries.
Given a constant load, the stored energy of a battery is divided
into two wells, whose derivatives are described by two coupled
differential equations. In [33], the definition of the model is
extended to cover also bounded capacity and random charging
and discharging.

B. Outline

Section II gives an overview of the model formalism of
hybrid Petri nets with general transitions and presents the
running example. Next, the extended discrete-event simulation
approach is discussed in Section III. Section IV then explains
how Statistical Model Checking is applied to systems with
non-linear continuous behavior. The case study is presented
in Section V and finally the paper is concluded in Section VI.

II. HYBRID PETRI NETS WITH MULTIPLE GENERAL
TRANSITIONS

Hybrid Petri nets with general transitions (HPnGs) [1]
provide a modeling formalism which describes systems with
discrete, continuous and stochastic components and form a
subclass of stochastic hybrid systems. Previous model def-
initions have been restricted to piecewise-linear continuous
behavior. To allow non-linear behavior, we add a new dynamic
continuous transition to the model definition in Section II-A,
followed by an extended semantic in Section II-B, which
explains the evolution of continuous variables. Section II-C
gives a overview about the definition of states and events
within an HPnG. Section II-D presents an HPnG model that
will serve as running example throughout this work.
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A. Model definition

According to [1] and [6], a hybrid Petri net with gen-
eral transitions is a tuple (P, T ,A,M0,Φ) with Φ a tu-
ple (ΦPb ,Φ

T
w ,Φ

T
p ,Φ

T
d ,Φ

T
st,Φ

T
dyn 1,Φ

T
dyn 2,Φ

T
g ,Φ

A
w ,Φ

A
s ,Φ

A
p )

of parameter functions. P = Pd ∪ Pc is the finite set of
discrete and continuous places. A discrete place Pi ∈ Pd holds
a discrete marking of mi ∈ N0 tokens and a continuous place
Pj ∈ Pc holds a continuous marking described by a fluid level
xj ∈ R+

0 .The initial marking M0 = (m0,x0) is determined
by the initial number of tokens m0 and fluid levels x0 of
all places. For every continuous place, ΦPb : Pc → R+ ∪ ∞
defines an upper boundary, whereas the lower boundary is
always zero.

The finite set of transitions T = T I ∪ T D ∪ T G ∪ T C

consists of immediate, deterministic, general and continuous
transitions. An immediate transition Ti ∈ T I fires as soon as
it is enabled, whereas a deterministic transition Td ∈ T D fires
after being enabled for a deterministic period of time, which
is assigned by the function ΦTd : T D → R+. For a general
transition Tg ∈ T G, the firing time is a random variable, which
is distributed according to a cumulative continuous probability
distribution function fTg (t), assigned by ΦTg : T G → (f :
R+ → [0, 1]).

Given T S = T \ T C , the function ΦTw : T S → R+ adds
a weight to any discrete (i.e., non-continuous) transition and
ΦTp : T S → N0 assigns a priority. A continuous transition
Tc ∈ T C has a continuous inflow and outflow of fluid if it is
enabled. We divide the set T C into two disjoint sets: the set of
static transitions T St and the set of dynamic transitions T Dyn.
The function ΦTst : T St → R+ specifies a constant nominal
flow rate for every static transition. Dynamic continuous transi-
tions have a flow rate that depends on the continuous marking,
resulting in non-linear behavior. Since Ghasemieh e.a. also
introduced dynamic transitions in [34], whose rates depend
on the actual rates of other static continuous transitions, we
additionally include this approach as a second part of the flow
rate. The nominal flow rate is defined as follows:

Definition 1: For dynamic continuous transitions, the nom-
inal flow rate is divided into two parts:

1) ΦTdyn 1 : T Dyn → (d : X → R+
0 ) with X = {x =

(x1, ..., x|Pc|) ∈ (R+
0 )|P

c| | ∀i ∈ N.1 ≤ i ≤ |Pc| : Pi ∈
Pc ∧ 0 ≤ xi ≤ ΦPb (Pi)} assigns a function dTdyn

(x)
for to each dynamic transition Tdyn ∈ T Dyn, which
specifies the dependence of its nominal flow rate on the
continuous marking x.

2) ΦTdyn 2 : T Dyn → (f : R|T St| → R+
0 ) assigns a func-

tion fTdyn
(r) for r ∈ R|T St| to each dynamic transition

Tdyn ∈ T Dyn, which determines the dependence of its
nominal flow rate on the actual flow rates of the static
continuous transitions.

The nominal flow rate of Tdyn ∈ T Dyn is given by the sum
dTdyn

(x) + fTdyn
(r).

The finite set A = Ad ∪ Af ∪ At ∪ Ah contains discrete,
continuous, test and inhibitor arcs. Arcs connect places with

Fig. 1. Graphical representation of HPnGs components.

transitions and at most one arc of each type is allowed
between a pair of a place and a transition. The function
ΦAw : A → R+

0 assigns a weight to each arc. Any discrete
arc Ak ∈ Ad ⊆ ((Pd×T S)∪ (T S×Pd)) connects a discrete
place to a non-continuous transition and any continuous arc
Al ∈ Af ⊆ ((Pc×T C)∪ (T C ×Pc)) connects a continuous
place to a continuous transition. Hence, any discrete or contin-
uous arc is whether an input or an output arc for its connected
place and their firing rates are determined by their weights. For
fluid sharing purposes, continuous arcs have shares assigned
by ΦAs : Af → R+ and priorities assigned by ΦAp : Af → N0.

A test arc Aq ∈ At ⊆ (P ×T ) respectively an inhibitor arc
Ar ∈ Ah ⊆ (P×T ) connects any place to any transition. For
test arcs, the marking of the place has to fulfill a condition
given by the arc weight to enable the connected transition. For
inhibitor arcs, the transition is enabled if the condition is not
fulfilled. Test and inhibitor arcs are also called guard arcs.

The places of an HPnG are represented by circles and the
transitions are represented by bars. A graphical representation
of the places, transitions and arcs is given by Figure 1 and the
notations used in this work are summarized by Table I.

B. Behavior specification and continuous evolution

We adopt concession and enabling rules and the definition
of the evolution of clocks and enabling times from [1].
Furthermore, we adopt the approach for conflict resolution
from [1] for immediate and deterministic transitions and from
[6] for general transitions. The behavior of general transitions
and the definition of events in an HPnG are both also adopted
from [6]. Since we added dynamic continuous transitions in
our definition in Section II-A, we slightly change the definition
of the evolution of continuous variables in the following.

Continuous transitions with concession continuously trans-
port fluid from one continuous place to another via fluid
arcs. Recall that every static transition Ti ∈ T St has an
assigned nominal flow rate, given by ΦTst(Ti). Considering a
certain point in time t, the flow rate of a dynamic transition
Tj ∈ T Dyn is determined by dTj

(x(t)) + fTj
(r). Recall that

x(t) is the continuous marking at time point t and dTj
the

function assigned by ΦTdyn(Tj).
Let θ(Tc, t) denote the actual flow rate of a transition

Tj ∈ T C = T St ∪ T Dyn at some point in time t. If no
continuous place is at one of its boundaries, i.e., ∀Pi ∈ Pc :
0 < xi(t) < ΦPb (Pi) for xi(t) ∈ x(t), then the continuous
transitions continuously fire at their nominal rates. If one of
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TABLE I
NOTATIONS

P = Pd ∪ Pc Set of discrete and continuous places

T = T I ∪ T D ∪ T G ∪ T C Set of immediate, deterministic,
general and continuous transitions

T C = T St ∪ T Dyn Set of static continuous and dynamic
continuous transitions

T S = T \ T C Set of discrete transitions

A = Ad ∪ Af ∪ At ∪ Ah Set of discrete, continuous, test and
inhibitor arcs

M0 = (m0,x0) Initial marking
ΦP

b : Pc → R+ ∪∞ Upper boundary of continuous places
ΦT

d : T D → R+ Firing time for deterministic transitions
ΦT

g : Function assigning firing probability
T G → (f : R+ → [0, 1]) distribution for general transitions

ΦT
w : T S → R+ Weight of discrete transitions

ΦT
p : T S → N0 Priority of discrete transitions

ΦT
st : T St → R+ Nominal flow rate for static

continuous transitions
ΦT

dyn 1 : Function assigning 1st part of nominal
T Dyn → (d : X → R+

0 ) flow rate for dynamic transitions
ΦT

dyn 2 : T Dyn → Function assigning 2nd part of nominal

(f : R|T St| → R+
0 ) flow rate for dynamic transitions

ΦA
w : A → R+

0 Weight function for arcs
ΦA

s : Af → R+ Share function for continuous arcs
ΦA

p : Af → N0 Priority function for continuous arcs
θ : T C × R+

0 → R+
0 Actual flow rate of cont. transitions

α : PC × R+
0 → R+

0 Available flow rate at cont. places

ωl : PC × R+
0 → R+

0

Required fluid function at
continuous places with priority l

Ic : PC → P (T C) Input bag of continuous places
Oc : PC → P (T C) Output bag of continuous places
di : R+

0 → R Drift at continuous place Pi ∈ PC

the continuous places is empty or full, the flow rate is reduced
to prevent overflow or underflow. Hence, the actual flow rate
θ(Tj , t) is given by:

θ(Tj , t) ≤

{
ΦTst(Tj) if Tj ∈ T St,

dTj
(x(t)) + fTj

(r) if Tj ∈ T Dyn.
(1)

Based on this definition of the actual flow rate, the rate
adaption procedure from [1] can be analogously defined for
non-linear continuous behavior. The only differences lie in the
facts that (i) the available flow rate α(Pi, t) at a place Pi ∈
Pc is a time-dependent function, since it is related to the re-
defined actual flow rate θ(Tj , t) and (ii) the amount of required
fluid ωl(Pi, t) for a priority l in Pi is also time-dependent as it
is related to the nominal flow rate, which is time-dependent for
dynamic continuous transitions. If a continuous transition has
no concession, the actual flow rate is zero. As in [1], we define
for any continuous place Pi ∈ Pc an input bag Ic(Pi) =
{Tj ∈ T C |〈Tj , Pi〉 ∈ Af} and output bag Oc(Pi) = {Tj ∈
T C |〈Pi, Tj〉 ∈ Af}. The drift di(t) of Pi is then determined
by:

di(t) =
∑

Tj∈Ic(Pi)

θ(Tj , t) · ΦAw(〈Tj , Pi〉)

−
∑

Tj∈Oc(Pi)

θ(Tj , t) · ΦAw(〈Tj , Pi〉).

(2)
C. Definition of states and events

We define the state of a hybrid Petri net with general
transitions according to [6]. A state is given by a tuple
Γ = (m,x, c,d,g, e). The vector m describes the discrete
marking and x the continuous marking. The clock vector c
holds for any deterministic transition the time that it has been
enabled since the previous firing and the vector d, describes
the drift of each continuous place, i.e., the current change of
fluid level per time unit, which corresponds to the difference of
incoming and outgoing flow. The enabling time for the general
transitions is collected in g and for all kinds of transitions, the
enabling status is given by e. Note that the drift and enabling
status are both determined uniquely by m and x and ΦAw ,
but included for the sake of simplification. The initial state is
denoted by Γ0 ∈ S with Γ0 = (m0,x0,0,d0,0, e0).

We adopt the definition of events also from [6]. Re-
capped, an event denotes the change from one state
Γi = (mi,xi, ci,di,gi, ei) to another state Γi+1 =
(mi+1,xi+1, ci+1,di+1, gi+1, ei+1), such that either (i) a
non-continuous transition fires, such that mi 6= mi+1 or (ii)
a continuous place reaches one of its boundaries, such that
di 6= di+1 or (iii) a guard arc condition is fulfilled or stops
being fulfilled, sucht that ei 6= ei+1.

D. An example HPnG modeling the Kinetic Battery Model
We will present an HPnG, which models the Kinetic Battery

Model (KiBaM) [9] that serves as a running example through-
out the paper. As illustrated in Figure 2, the KiBaM models the
state of charge of a battery as two wells: the available charge
a(t) and the bound charge b(t). A pipe connects both wells
with a diffusion rate p in both directions. The proportional
width of the well that contains the available charge, with
respect to the bound charge, is denoted by c. Hence, the well
that contains the bound charge has proportional width 1− c.

Only the available charge is exposed to an external load and
can be consumed immediately. The bound charge is converted
into available change over time, which is called the recovery
effect. The following system of differential equations defines
the derivatives of the continuous variables a and b, where the
battery is charged if I(t) < 0 and discharged when I(t) > 0:

δa(t)

δt
= p ·

(
b(t)

1− c
− a(t)

c

)
− I(t) for a(0) = a0,

δb(t)

δt
= p ·

(
a(t)

c
− b(t)

1− c

)
for b(0) = b0.

(3)

How to deal with bounded capacities and (piecewise con-
stant) random charging and discharging rates within the
KiBaM, is explained in [33].
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Fig. 2. The two-well model of the KiBaM with the available charge (right)
and the bound charge (left) (c.f. Figure 2 [33]).

The HPnG in Figure 3 models a(t) and b(t) as continuous
places a and b, respectively. The flow between a and b is
modeled by the two dynamic continuous transitions fill a and
fill b. The diffusion rate p is set to 0.01 and we set c = 0.5,
i.e., the wells are equally large. Both wells have a respective
maximum capacity amax and bmax. Our example considers a
capacity of 5000 mAh for each well and initial charges of
1000 mAh. When charging and the available charge is almost
at its maximum capacity, the rate I(t) needs to be adapted as
follows: if a > amax− |I(t)|, then I(t) := (−1) · (amax− a).
Similarly, when discharging, both values a and b cannot
decrease below zero. Hence, I(t) needs to be adapted as
follows: if I(t) > a, then I(t) := a.

The static continuous transitions charge 1, charge 2 and
discharge model the charging and discharging behavior, i.e.,
charging with rates of 1000 mA and 400 mA and discharging
with a rate of 500 mA. At each point in time, only one
of these three transitions is enabled, depending (via guard
arcs) on the marking of the discrete places enable charge 1,
enable charge 2, enable discharge. These discrete places
are connected to each other via three deterministic transitions,
namely reduce rate, plug out and plug in, which forward
a single token after 2, 8 or 6 hours. The model also includes
a random outage of the charging / discharging process, mod-
eled by the general transition power off. We will consider
different distributions for this random variable. When the
general transition fires, a token from the discrete place power
is removed, which leads to enabling and firing one of the
immediate transitions out 1, out 2 and out 3 (connected to
power via inhibitor arcs). The token is then transported to
the place enable outage, so that the previous load is stopped
and a new discharging process with rate 200 mA is enabled,
modeled by the static continuous transition outage.

III. DISCRETE-EVENT SIMULATION OF HPNGS WITH
NON-LINEAR CONTINUOUS EVOLUTION

Discrete-event simulation (DES) and Statistical Model
Checking (SMC) for HPnGs with linear continuous behavior
has been proposed in [6], considering only piecewise-linear be-
havior of continuous variables, whose derivatives only change

at events. Any DES approach requires the determination of all
potential next events and the point in time of their occurrence.

For example in the KiBaM model from Section II-D, we
may have to determine when a(t) reaches its maximum
capacity. At any point in time within the simulation, we would
need to determine the respective next point in time when
the fluid level of the place a meets its upper boundary. For
a constant drift (i.e., derivative), the occurrence time of the
next event can simply be precomputed. However, non-linear
evolutions are described by differential equations, which in
general do not have closed solutions. The KiBaM expresses
a system of linear ODEs, solvable for time by using the
Lambert W function [35]. However, this function does not
have a closed form, but can be approximated numerically.
One possible solution to cope with non-linear trajectories is to
transform the non-linear variables into piecewise-linear ones,
by using so-called quantization.

In the piecewise-linear approach, the derivative of the con-
tinuous variables only changes at events. However, when al-
lowing non-linear evolution, the drifts of the continuous places
change also in between events. By quantizing the continuous
variables, they are treated as piecewise-linear variables, while
constantly checking that the error between the original and
the quantized variable does not exceed a predefined threshold.
This results in a second-order quantized state systems (QSS2)
[7] with piecewise-linear evolution, which can be dealt with
like in our previous DES approach. However, we have to
ensure that the quantized variable does not differ too much
from the original continuous variable and its value needs to
be reset, whenever the difference between the two values meets
some threshold, denoted as ∆q. Such a reset is called an
internal transition of a continuous place. The details on this
approach are discussed in the following.

Section III-A presents the core idea of the extended DES
approach and presents a formal definition of the resulting
QSS2. Details on how to determine the time to the respective
next internal transitions are discussed in Section III-B and
Section III-C explains how the rate adaption technique has
been extended.

A. DES of HPnGs using transformation into QSS2

We presented an approach for the discrete-event simulation
of HPnGs with a piecewise-linear evolution of continuous
variables in [6]. Within a simulation experiment, several simu-
lation runs are executed, which simulate single paths of a given
model. For each simulation run, the model is set to its initial
state and the current simulation time currentTime is initialized
to zero. The firing time for each general transition is sampled
from the corresponding distribution at the beginning of every
simulation run and re-sampled after each firing. Depending on
the sampling policy [6], variables are also re-sampled in case a
general transition is disabled and then enabled before a firing
takes place.

After the initialization, the following loop is executed:

while (currentTime <= maxTime)
currentTime = getAndCompleteNextEvent(currentTime);
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Fig. 3. HPnG model of the Kinetic Battery Model with specific loads and random outage.

The function getAndCompleteNextEvent() is repeatedly called
for any event until the maximum time maxTime is reached.
Since this function is called within the given while-loop,
the events are always handled one-by-one, such that the
occurrence of an event can be dependent on previous events.

Algorithm 1 presents pseudo code for this function and
is based on Algorithm 1 in [6]. At first, the new event is
initialized with its occurence time set to maxTime (Line 1). If
any immediate transition is enabled, the next event is already
found and updated (Lines 2–4). Otherwise, the algorithm iter-
ates through deterministic and general transitions, continuous
places and guard arcs which are connected to continuous
places (Lines 5–18), since these components can cause further
events (recall from Section II-C). We extended the original
algorithm by Lines 15–17 to include the internal transitions of
continuous places as a new type of event. When the respective
next event has been determined, the continuous marking is
updated to the point in time of the new event (Line 19). Then,
the event is executed, which results in an update of the state
of the model (Line 20).

Following the work of [7] and [23], we consider the state
equation system given by:

ẋ(t) = f [x(t), u(t)], (4)

where x(t) ∈ Rn is the state vector and u(t) ∈ Rm is an
input vector. In our case x(t) represents the fluid levels of the
continuous places and u(t) represents their drift.

Definition 2: A QSS2 system, associated to a state equation
system ẋ(t) = f [x(t), u(t)], for a pre-chosen vector ∆q ∈ Rn

is defined as:
ẋ(t) = f [q(t), u(t)]. (5)

Algorithm 1 getAndCompleteNextEvent(currentTime)
1: event = new SimulationEvent(maxTime)
2: if (any immediate transition enabled) then
3: event.update(currentT ime)
4: end if
5: if (no immediate transition event found yet) then
6: if (any deterministic and general transition enabled and firing before

event.time) then
7: event.update(newTime)
8: end if
9: if (any guard arc condition changed before event.time) then

10: event.update(newTime)
11: end if
12: if (any continuous place boundary reached before event.time) then
13: event.update(newTime)
14: end if
15: if (any internal transition due before event.time) then
16: event.update(newTime)
17: end if
18: end if
19: advanceMarking(event.time)
20: completeEvent()
21: return event.time

The first-order quantizer q(t) is defined as:

q(t) =

{
x(t) if t = t0 ∨ t = tj+1,

q(tj) +mj(t− tj) otherwise,
(6)

with internal transitions taking place at time points tj , with
j ≥ 0, where the next time point is given by:

tj+1 = min(t|t > tj∧|x(tj)+mj(t−tj)−x(t)| = ∆q), (7)

with m0 = 0 and mj = ẋ(tj).

In the resulting QSS2, the derivatives of the quantized
variables only change at internal transitions, which is required
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Fig. 4. Example trajectories of the state variable x(t) and quantized variable
q(t) in a QSS2 system [7].

when |q(t) − x(t)| equals ∆q. Figure 4 illustrates example
trajectories for the original variable x(t) and the quantizer
q(t). It can be seen that the quantizer is reset to the value of
x(t), if the difference between both values becomes too large,
i.e., equal to ∆q. This would require solving the ODE x(t) at
time point t, which is however approximated using a Taylor
polynomial approximation.

When determining the next event within the simulation, the
internal transitions of the continuous places are treated like
every other event. If the time to any next internal transition is
less than the time to the next event, the simulation steps to the
point in time of the internal transition. The internal transition
is executed by updating both the value of x(t) and setting q(t)
to x(t). Afterwards, the time to the next internal transition is
re-computed.

But how can we update the value x(t) without solving
differential equations? In [7], a Discrete Event System Spec-
ification (DEVS) model of a first-order quantized integrator
is given, which provides a basis for our DES approach. In
this approach x(t) is updated using its previous derivative u
and the previous derivative of u, named mu. This results in a
quadratic Taylor polynomial approximation given by Equation
8:

x(t) ≈ x(tj) + u(tj) · (t− tj) +
mu(tj)

2
· (t− tj)2, (8)

with tj the point in time of the previous internal transition and
u(tj) = ẋ(tj) and mu(tj) = u̇(tj).

After discussing how the continuous variables are updated
in the simulation algorithm, we now consider how the current
fluid level of a place is taken into account e.g. for checking the
enabling conditions of inhibitor and test arcs. As q(t) can both
under- and over-approximate the actual value x(t), both need
to be taken into account, to find the exact point in time t, when
the validity of a condition changes. For q(t) this time point is
determined by equating its linear function with the boundary
value of the condition and then solving for time. For x(t),
its quadratic Taylor polynomial approximation is used in the
equation and the least positive solution time is taken.

B. Determining the time until the next internal transition

At the start of the simulation, the time until the next internal
transition takes place is determined for every continuous place.
In the DEVS model, for some time point tj at which an
internal transition takes place, the time to the respective next
internal transition σ1 is computed according to [23] (c.f.
Equation 6):

σ1 =

{√
2∆q

mu(tj) if mu(tj) 6= 0,

∞ otherwise.
(9)

Whenever an event (which is not an internal transition)
is completed, the time to the next internal transition of all
continuous places is recalculated, since the event might have
caused a change of u and mu. However, note that the value for
x(t) is not updated and that q(t) is linearly updated instead
of being set to the value of x(t). This is sufficient because
|q(t) − x(t)| ≤ ∆q (otherwise, an internal transition would
have been executed before the event). The time to the next
internal transition σ2 for some tk is then given by the least
positive solution of Equation 10 (c.f. Equation 7 [23]):

|x(tj) + u(tj) · e+
mu(tj)

2
e2 + u(tk) · σ2 +

mu(tk)

2
· σ2

2

− (q(tj) +mq(tj)(e+ σ2))| = ∆q, (10)

where tj the time point of the previous internal transition and
e = tk − tj the amount of time, which has passed since the
previous internal transition.

If a boundary of a place is reached, two special cases apply:
Whenever the upper boundary of the place has been reached,
the next internal transition is executed when the outflow equals
the inflow. This can only happen if the derivative of the outflow
is greater than the derivative of the inflow. In case the place
is empty, the same applies only if the derivative of the inflow
is greater than the derivative of the outflow. Otherwise, the
place will stay at its boundary. The details on how the rates
are adapted are discussed in the next section.

C. Time-dependent rate adaption

As mentioned in Section II-B, the rate adaption procedure
for non-linear continuous behavior is similar to the one in [1],
only extended by some time-dependent factors. Rate adaption
is required, whenever a continuous place reaches its upper or
lower boundary and the rates of continuous transitions have to
be reduced to match the inflow or respectively the outflow. In
addition to the previous algorithm, we now consider (constant)
derivatives of the available and required fluids, resulting in a
time-dependent fluid distribution. Note that the relationship
between the amount of required fluid for each priority class
of transitions and the amount of available fluid changes over
time.

For the lowest priority of those transitions, for which the
required fluid can still be served completely, the available fluid
might stop being sufficient to serve these transitions. The point
in time ta at which this will happen can be computed by
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the intersection of both linear functions of the required and
available fluid. Note that ta might be infinite if the available
fluid does not decrease or decreases more slowly than the
required fluid. Analogously, for the highest priority of those
transitions which could not be completely served, we need
to determine the point in time tb at which the available fluid
starts being sufficient for serving these transitions. If one of
these two points ta and tb takes place before the next internal
transition of the considered continuous place, an adaption of
the rates is required. In our implementation, this is realized by
setting the time of the next internal transition to the minimum
of both points ta and tb and hence, force a rate adaption.

We want to point out that, due to rate adaption, it is possible
that a non-linear dynamic transitions causes also non-linear
behavior in static continuous transitions. For example, when
quickly discharging a battery, a state can be reached where
the available charge is empty and the bound charge is not yet
empty. Hence, the static transition discharge can only output
power which has been previously transformed from bound
charge to available charge by the non-linear transition fill a.

IV. STATISTICAL MODEL CHECKING OF HPNGS WITH
NON-LINEAR CONTINUOUS EVOLUTION

Stochastic Time Logic has been previously introduced for
specifying, e.g., dependability properties, and is repeated in
Section IV-A. Section IV-B discusses how the quantization
function is used within the extended Statistical Model Check-
ing approach. Section IV-C discusses how to cope with the
approximation error that is introduced by the quantization. The
resulting overall error is discussed in Section IV-D.

A. Stochastic Time Logic

The Stochastic Time Logic (STL) was introduced in [36] for
the specification of properties of HPnGs. In [6], the definition
was extended and adjusted for the Statistical Model Checking
(SMC) approach. In the following, we use the latter definition
of the syntax and semantics of STL. For a given point in
time t, it is checked whether the probability that a formula Ψ
holds meets a certain threshold Θ. Alternatively, a confidence
interval for such a probability can be computed. According to
[6], an STL formula is defined as:

ϕ ::= P./Θ(Ψ), (11)

Ψ ::= tt | AP | ¬Ψ | Ψ ∧Ψ | ΨU [t1,t2]Ψ, (12)

for comparison operator ./ ∈ {<,>≤,≥}, probability bound
Θ ∈ [0, 1] and time points t1, t2 ∈ R+

0 , with t1 ≤ t2.
AP is a placeholder for any atomic property. Types of

atomic properties, with ∼ ∈ {=, <,>,≤,≥}, are summarized
by Table II. The semantics of STL is defined in [6].

Considering the KiBaM example from Section II-D, we
want to ensure that the available charge of the battery is
not empty. The atomic property xa ≤ 0 holds if the fluid
level of the place a is less than or equal to zero, i.e., if the
place is empty. (Recall that zero is the lower boundary for
all fluid levels). Properties can be combined using negation,

TABLE II
ATOMIC PROPERTIES

AP Comparing... To...

xP ∼ a fluid level xP of continuous place P a ∈ R+
0

mP ∼ b marking mP of discrete place P b ∈ N
cT ∼ c clock value cT of deterministic transition T c ∈ R+

0

dP ∼ d drift dP of continuous place P d ∈ R
gT ∼ e enabling time gT of general transition T e ∈ R+

0

eT enabling status eT of a transition T true

conjunction or the Until property. An example for an Until
property is investigated in our case study (see Section V),
namely tt U [0,48](xa ≤ 0). This property holds if there exists
a point in time t′ within the time interval [0, 48] (e.g., 48
hours), at which the place a is empty. (Note that in general the
sub-property on the left side of U must hold up to t′, which
is always valid for tt = true.) We can then define a safety
property, which requires that the probability that such an empty
state is reached is reasonably low: P≤0.1(tt U [0,48](xa ≤ 0)).

B. How to use quantizers for Statistical Model Checking

Time-bounded model checking of HPnGs always aims at
verifying if an STL property holds at a certain point in
time t with a certain probability. Statistical Model Checking
allows to either estimate the probability that an STL formula
holds at time t, expressed as P=?[Ψ, t], or to check whether
said probability matches the threshold ./ Θ, formulated as
P./Θ[Ψ, t]. Within our SMC approach, each simulation run is
checked against the inner part of the STL formula Ψ, which is
constructed according to Equation 12 and statistical methods,
like the calculation of confidence intervals and hypothesis
tests, are used to evaluate the whole set of simulation runs with
regards to the probability operator. For a detailed description
on the SMC approach, we refer to [6].

Supposed we want to check whether the available charge in
the battery is lower than a given threshold b (xa ≤ b) at a given
point in time tP. Since the diffusion between the two wells
evolves non-linearly over time, a linear interpolation of the
value of the continuous variable xa between two events would
result in a considerable error. Also in this case, quantizers can
be used for non-linear continuous variables: since a quantized
variable q(t) also has a piecewise-linear derivative, we can
verify a property at time point tP, by linearly interpolating
the value of q(t) between the previous and the next event
to compute q(tP). The execution of internal transitions as
introduced in Section III-A, ensures that the distance between
q(t) to x(t) never exceeds the pre-defined value ∆q.

Hence, if the quantized variable that corresponds to the fluid
level of a place is more than ∆q away far from bound b, we
can accurately decide whether |b− x(tP)| > 0 holds:

xa(tP) ≤ b =


false if q(tP)−∆q > b,

true if q(tP) + ∆q < b,

undetermined otherwise.
(13)
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Fig. 5. Possible evolution of the state variable x(t) and quantized variable
q(t) when comparing to a threshold b at time point tP.

The third case of the above formula is illustrated in Figure
5. It might be that x(tP) < b while q(tP) > b or the other
way round. At time point tP , q(tP ) exceeds the threshold b,
while the true value x(tP ) does not, which would result in a
wrong outcome of the model checking algorithm. Hence, the
simulation approach needs to be adjusted to properly deal with
those cases. This is done by making the approach property-
dependent, as discussed in the next section.

C. Property-dependent simulation

When model checking a property which takes into account
the continuous state of the model at a specific time point tP,
the core idea is to make the simulation dynamic, by adding
internal transitions for the considered continuous variables
whenever they approach a boundary. The details on this
procedure are described in the following. Note that nested
STL properties can contain multiple atomic properties and
hence, multiple boundaries may needed to be checked for one
or more continuous variables. In the following, we describe
the property-dependent simulation for a single boundary to be
considered, but in case there are multiple boundaries required
to validate a property, the algorithm loops over all boundaries
and applies the following method for each of them.

Consider the state of a simulation run, when the next event
has been determined, but not yet executed. This corresponds
to completing Line 18 in Algorithm 1 from Section III-A.
Let tCurrent denote the execution time of the previous event
and tNext the occurrence of the previously determined next
event. If the time point tP, at which a property is checked,
lies between tCurrent and tNext, we loop through all considered
continuous places and call for each considered boundary a
function named checkAtomicFluidProperty(). This function
checks Equation 13 and inserts internal transitions whenever
the result is undetermined. The Pseudo code for this function is
presented in Algorithm 2, where propertyT ime represents tP,
currentT ime represents tCurrent and untilT ime the maximum
time bound tUntil of any (possibly nested) Until property. event
is the possible next event that has been determined.

In case the property does not contain any Until operator
(Lines 2–7), the quantized variable of the considered place

is linearly updated to the time of the property tP (Line 3).
The fluid level lies close to the bound of the property if the
following condition holds (Line 4):

q(tP)−∆q ≤ b ≤ q(tP) + ∆q. (14)

In this case, an internal transition at tP is enforced (Line
5–6), which approximates the value of x(tP) as defined in
Equation 8 and updates q(tP), accordingly. This allows to
verify the validity of the property by using the value of q(tP).
If Condition 14 does not hold, we know that x(tP) differs
from b with at least |∆q|, as already mentioned in the previous
section, such that no additional internal transition is required.

Verifying the validity of a property that contains at least
one Until operator works similarly, but requires considering a
time interval instead of a single point in time. In this case
(Lines 8–22), the algorithm determines the intersection of
the interval [tP, tUntil] and the interval between the occur-
rence times of the previous and next event [tCurrent, tNext].
This intersection is given by the interval [tStart, tEnd] where
tStart = max{tP, tCurrent} and tEnd = min{tUntil, tNext} (Lines
9–10). For both of these interval boundaries, the quantized
variable is linearly updated (Lines 11–12). Next, it is checked
for both time points if the fluid level lies close to the bound of
the atomic properties or if the quantizer and the fluid level lie
on different sides of the bound, i.e., if Equation 15, Equation
16 or Equation 17 holds (Line 13).

q(tStart)−∆q ≤ b ≤ q(tStart) + ∆q, (15)
q(tEnd)−∆q ≤ b ≤ q(tEnd) + ∆q, (16)

(q(tStart)− b) (q(tEnd)− b) ≤ 0. (17)

If one of these three conditions is fulfilled, the algorithm
determines the minimum time period to a point when either
q(t) or x(t) will meet the value of b, starting from the
previous event (Line 14). This is realized by calling the func-
tions getTimeToBoundHitByFluidLevel() and getTimeToBound-
HitByQuantizer(), respectively. The former uses a quadratic
Taylor polynomial approximation for x(t) as in Equation 8,
sets it equal to the bound b and solves it for the time.

If the resulting least positive solution plus tCurrent is before
tEnd (Line 15), an internal transition is enforced at this time.
Hence, the value of q(t) is updated to approximate x(t), which
ensures the required accuracy when approaching the bound b
(Line 17).

One disadvantage that comes with this solution is that time-
convergent behavior may occur if q(t) repeatedly approaches
the bound b before x(t) does, such that the time between two
consecutive internal transitions decreases and is always less
than the time until x(t) meets the bound. Theoretically, this
issue would lead to an infinite number of internal transitions,
but since floating point representation is limited, implementa-
tions finish within finite runtime. The tool HYPEG limits the
representation for continuous variables and quantizers to eight
decimal places to avoid floating point errors and therefore the
time-convergent behavior has only low impact on the runtime.
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Algorithm 2 checkAtomicFluidProperty(property, currentT ime, propertyT ime, untilT ime, event)
1: place = property.relatedP lace
2: if (property is not until property) then
3: fluid = max(0, place.quantizedF luidLevel + place.quantizedDrift*(propertyT ime - currentT ime)
4: if (fluid - place.quantum ≤ property.bound and property.bound ≤ fluid+ place.quantum) then
5: place.timeToNextTransition = propertyT ime - currentT ime
6: event.update(place.timeToNextTransition)
7: end if
8: else
9: startPoint = max(currentT ime, propertyT ime)

10: endPoint = max(untilT ime, event.time)
11: startF luid = max(0, place.quantizedF luidLevel + place.quantizedDrift*(startPoint - currentT ime)
12: endF luid = max(0, startF luid + place.quantizedDrift*(endPoint - startPoint)
13: if ((startF luid - place.quantum <= property.bound and property.bound ≤ startF luid + place.quantum) or (endF luid -

place.quantum <= property.bound and property.bound ≤ endF luid + place.quantum) or ((startF luid − bound) * (endF luid −
property.bound) ≤ 0)) then

14: timeToBound = min(place.getTimeToBoundHitByFluidLevel(), place.getTimeToBoundHitByQuantizer(), currentT ime)
15: if (currentT ime+ timeToBound < endPoint and timeToBound > 0) then
16: place.timeToNextTransition = timeToBound
17: event.update(timeToBound)
18: end if
19: end if
20: end if
21: return event

D. The resulting error

According to [7], the error in the quantized system is
bounded by ∆q, which can be precomputed given a maximum
desired error bound ∆ei for each qi. Given a linear time-
invariant system ˙̃x(t) = A · x̃(t) +B · u(t) and the associated
QSS2 ẋ(t) = A · q(t) + B · u(t), the i-th element of ∆q can
be computed as follows (c.f. Equation 30 [7]):

∆qi =
1

n
min
j

(
ei
Tji

)
, (18)

with vector ∆q of size n and matrix T defined as:

T = |V | · diag
(
|λi|
|Re(λi)|

)
· |V −1| ·∆q. (19)

V is the eigenvector matrix and λi are eigenvalues2 of matrix
A, where |V −1| ·A · V = diag (λi|) holds.

However, Kofman does not take into account that, when
simulating the system according to a DEVS model, the value
for x(t) needs to be approximated. For example, Taylor
approximation results in an additional error being introduced
with every internal transition. The implementation of this work
uses 2nd-degree Taylor polynomial approximation. For each
state variable x(t), the error R2(t), which arises due to this
Taylor approximation since the previous internal transition, is
bounded by the Lagrange remainder, given by Equation 20
[37]:

R2(t) =
M

3!
(t− tj)3, (20)

where tj is the occurrence time of the previous internal tran-
sition and M an upper bound on the third derivative for x(t)
for the interval (tj , t), such that ∀t∗ ∈ (tj , t) : |x(3)(t∗)| ≤M .

2Note that, Re(λi) denotes the real component of λi.

The error of the Taylor approximation affects the computation
of x(t) and q(t) across the whole simulation run, since every
internal transition updates x(t) based on its approximated
previous value and q(t) is set to the newly approximated
value of x(t). Note that our approach only considers the error
caused by the quantization, but not the one due to the Taylor
approximation.

V. CASE STUDY ON THE KINETIC BATTERY MODEL

We have carried out a case study based on the HPnG model
from Section II-D, which models the Kinetic Battery Model
(KiBaM) with predefined loads and one random outage. Both,
the extended DES and SMC approaches presented in this work
have been implemented in our tool HYPEG. Within this case
study, we evaluate an STL property of the HPnG model and
compare the output of HYPEG to an analysis technique, which
has been implemented in Matlab and tailored to this specific
model. Section V-A explains the main features of the Matlab
implementation and Section V-B discusses the results of the
case study. It further illustrates the capabilities of the approach
when handling a large number of random variables by adding
a repair mechanism to the existing model.

A. Analyzing the KiBaM using Matlab

We implemented a hard-coded analysis of the KiBaM ex-
ample from Section II-D in Matlab3 to compute the probability
that the available charge is empty within the first 24 or
48 hours, i.e., checking the validity of the STL property
tt U [0,tU ](xa ≤ 0) with tU ∈ {24, 48}, as explained in
Section IV-A.

The analysis is based on a Stochastic Time Diagram (STD)
[2], [34], that can be created for an HPnG with an given initial
state, in which the time is plotted by the vertical axis and the
firing times of general transitions are entered on the remaining

3https://de.mathworks.com/products/matlab.html
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axes. Since we have designed our example KiBAm model in
such a way that only a single general transition (power off)
can be enabled and fire only once, a two-dimensional STD
can be created, for which analysis has been investigated in
[2], [34]. In such a two-dimensional STD, each point (s, t)
represents a unique system state at time t if the general
transition fires at time s. The diagram can be divided in two
areas: the deterministic area, where t < s holds and the general
transition has not yet fired, and the stochastic area with t > s,
where the general transition has already fired.

In our Matlab implementation, the STD for the KiBaM
example is created with the given loads. The possible points in
time, at which the general transition might fire, are discretized
with step size 0.1. For each (discretized) firing time and for
each specific load, the values of the two wells representing
the available and the bound charge are computed, using the
solved ODE system of the KiBaM as given in [33]. In case the
available charge reaches its maximum capacity or gets empty,
the point in occurrence time of the corresponding event is
computed as follows.

In the solved ODE system, a(t) is replaced with its
maximum capacity and zero, respectively and the resulting
equations are solved for t. Based on the gathered information,
the STD is created and the state space in the diagram is
partitioned into several regions, in which states have the same
discrete marking and enabling status.

The probability, that the available charge is empty, is then
computed as follows: All regions that correspond to states,
in which the available charge is empty, are intersected with
the line t = 24 respectively t = 48. From the intersection
points, intervals for s can be derived, for which the considered
property holds. Since the firing times have been discretized
before, linear interpolation is used between two successive
firing times. Next, the probability distribution of the general
transition is integrated over each interval and all the values are
added up, resulting in the total probability that the available
charge is empty within the first 24 respectively 48 hours.

Summarizing, the simulation approach presented in this

paper is validated using a dedicated Matlab implementation
of the KiBaM. The latter is based on an analytical approach
but not exact since general transitions are discretized (without
estimating the introduced error). Our simulation approach has
been efficiently implemented in a Java tool, which can be used
for arbitrary HPnG models. However, the run time of the total
simulation depends on the number of required simulation runs.
So, on the one hand, Matlab is a relatively slow language
and on the other hand, simulation requires a large number of
simulation runs to achieve a certain accuracy. This is why we
include computation times.

B. Case study results

We used the Matlab implementation to validate the results
of our tool HYPEG, which implements the approach presented
in this paper. Therefore, we have defined different scenarios
with three probability distributions (uniform, normal and ex-
ponential) for the general transitions. Starting from the initial
state at t = 0, we have computed confidence intervals for the
probability that the available charge gets empty within the first
24 or 48 hours, i.e., using Statistical Model Checking to solve
the problem P=?[tt U [0,tU ](xa ≤ 0), 0.0] with tU ∈ {24, 48}.
The confidence intervals have a 99% confidence level and
an interval width ≤ 0.02. Each scenario is investigated for
∆q = 0.1 and ∆q = 1 for both continuous places, a and b.

Table III presents the results of Matlab and HYPEG and
Figure 6 illustrates how the results of HYPEG (green and red)
deviate from the probability obtained from Matlab (blue dia-
mond). In most scenarios, the latter lies within the confidence
intervals (triangles) of the former. Especially for ∆q = 0.1, the
mean (green diamond) lies close to the Matlab result, which
shows that a smaller value for ∆q improves the accuracy of
the result.

In Scenario 1b, HYPEG overestimates the probability for
∆q = 1 (red), such that the value obtained from Matlab lies
outside the confidence interval. However, results match for
∆q = 0.1. Scenario 3b presents a special case, in which the
probability lies very close to 1, such that HYPEG finishes

TABLE III
CASE STUDY RESULTS COMPARING THE RESULTS OF HYPEG TO THE RESULTS OF MATLAB

Setting HYPEG Matlab
Scenario Distribution tU ∆q Mean Confidence Interval Time Runs Probability Time

1a) uniform(0, 48) 24
0.1 0.101339 [0.091341, 0.111338] 21.5 s 6049

0.102645 56.93 s
1 0.100117 [0.090117, 0.110117] 8.65 s 5983

1b) uniform(0, 48) 48
0.1 0.577498 [0.567498, 0.587498] 88.63 s 16194

0.574231 56.93 s
1 0.599699 [0.589699, 0.609699] 28.53 s 15933

2a) normal(12, 6) 24
0.1 0.118343 [0.108344, 0.128342] 24.15 s 6929

0.119231 53.05 s
1 0.12262 [0.112621, 0.13262] 9.36 s 7144

2b) normal(12, 6) 48
0.1 0.969254 [0.959259, 0.979249] 11.22 s 1984

0.970734 53.05 s
1 0.978184 [0.968186, 0.988183] 4.37 s 1421

3a) exponential(0.5) 24
0.1 0.917162 [0.907162, 0.927162] 12.07 s 5046

0.914862 52.78 s
1 0.917479 [0.907479, 0.927478] 5.51 s 5029

3b) exponential(0.5) 48
0.1 1 [1, 1] 4.71 s 1000 (min)

0.999991 52.78 s
1 1 [1, 1] 2.88 s 1000 (min)
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Fig. 6. Relative deviations from HYPEG results to Matlab results.

after having the property fulfilled in the pre-defined minimum
number of simulation runs (here 1000 runs). Hence, HYPEG
returns 1 as result since no runs occurred, in which the
property does not hold. A larger number of minimum runs
would probably lead to more accuracy in this case.

The case study has been executed on a macOS Sierra system
(2.7 GHz Intel Core i5 processor and 8 GM RAM). On this
system, the Matlab analysis took between 52.78 to 56.93
seconds, whereas the sub scenarios a) and b) of each scenario
could be evaluated together in one execution, i.e., the STD was
created only once per scenario. The run time of HYPEG varied
between 4.71 and 88.63 seconds for ∆q = 0.1 and between
2.88 and 28.53 seconds for ∆q = 1, which underlines the
trade-off between performance and accuracy.

The advantage of the presented modeling and simulation
approach lies in the easy integration of general transitions
with possibly different probability distributions. To illustrate
the capabilities of the approach and tool, we have extended the
previous model, such that a failure is followed by a repair after
a randomly distributed amount of time, as shown in Figure 7.

TABLE IV
CASE STUDY RESULTS FOR EXTENDED MODEL WITH REPAIR PROCESS

Sc. Mean
Confidence

Time
Mean Max

Interval #RV #RV

1a) 0 [0, 0] 5.17 s 1.16 6

1b) 0.001 [0, 0.003581] 7.37 s 3.05 10

2a) 0.005 [0, 0.010759] 3.34 s 2.52 7

2b) 0.003 [0, 0.007466] 9.33 s 5.75 12

3a) 0.0375 [0.027501, 0.047499] 11.46 s 9.39 19

3b) 0.049196 [0.039199, 0.059193] 22.58 s 19.04 33

Fig. 7. Failure and repair part of HPnG model in repair mode.

Note that firing the repair transition again enables a random
failure. This cycle of general transition firings introduces a
finite number of random variables in the system before a finite
maximum simulation time.

Table IV shows the results for the extended model, where
the failure transition is distributed as indicated in Table III and
the repair transition fires according to a uniform distribution
(i.e., uniform(0, 6)) for all scenarios. Table IV shows the mean
and maximum number of random variables (per simulation
run) in the last two columns. The mean number of random
variables lies between 1 and 19, depending on the failure
distribution. In Scenario 3b, around 19 general transition
firings occurred in average per run, simulated within a run
time of less than 23 seconds.

Overall, these results show that in most cases HYPEG is
able to produce sufficiently precise results, when applying
Statistical Model Checking to an HPnG with non-linear contin-
uous evolution, and thereby needs less time than a hard-coded
analytical approach.

VI. CONCLUSION

This work extends the syntax and semantics of hybrid Petri
nets with general transitions to include so-called dynamic
continuous transitions. This new kind of transition allows mod-
eling non-linear continuous evolution in HPnGs. We presented
an approach which applies discrete-event simulation to any
model of the extended formalism by transforming the system
into a QSS2. Furthermore, we present algorithms for Statistical
Model Checking in the extended approach. These extensions
have been implemented in our tool HYPEG and compared to a
hard-coded Matlab analysis within a case study on the Kinetic
Battery Model. As a result, our tool has output sufficiently
precise results in a comparably short run time. Future work
will compare our approach to classical numerical ODE solvers,
like Runge-Kutta-Fehlberg 4(5) [38], which uses a fourth order
approximation scheme.

The presented approach has been restricted to systems
whose continuous trajectories can be expressed by systems of
ODEs. Since QSS2 have been also extended for differential
algebraic equation (DAE) systems [22], future work might
extend the approach to HPnGs with DAE representations and
investigate the error propagation within the presented ap-
proach. Next to this, we will investigate how non-determinism
can be included in HPnGs and how to simulate these models in
combination with schedulers for non-deterministic decisions.

ACKNOWLEDGEMENTS

We thank the anonymous reviewers for their valuable com-
ments.

12



REFERENCES

[1] M. Gribaudo and A. Remke, “Hybrid Petri nets with general one-shot
transitions,” Performance Evaluation, vol. 105, pp. 22 – 50, 2016.

[2] H. Ghasemieh, A. Remke, B. Haverkort, and M. Gribaudo, “Region-
based analysis of hybrid Petri nets with a single general one-shot
transition,” in 10th International Conference on Formal Modeling and
Analysis of Timed Systems. Springer, 2012, pp. 139–154.

[3] A. Godde and A. Remke, “Model checking the STL time-bounded Until
on hybrid Petri nets using Nef polyhedra,” in 14th European Workshop
on Performance Engineering. Springer, 2017, pp. 101–116.
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[33] H. Hermanns, J. Krčál, and G. Nies, “Recharging probably keeps
batteries alive,” in International Workshop on Design, Modeling, and
Evaluation of Cyber Physical Systems. Springer, 2015, pp. 83–98.

[34] H. Ghasemieh, A. Remke, and B. Haverkort, “Analysis of a sewage
treatment facility using hybrid Petri nets,” in 7th EAI International Con-
ference on Performance Evaluation Methodologies and Tools. ICST,
2013, pp. 165–174.

[35] R. Corless, G. Gonnet, D. Hare, D. Jeffrey, and D. Knuth, “On the
Lambert W function,” Advances in Computational Mathematics, vol. 5,
no. 1, pp. 329–359, 1996.

[36] H. Ghasemieh, A. Remke, and B. Haverkort, “Survivability evaluation
of fluid critical infrastructures using hybrid Petri nets,” in 2013 IEEE
19th International Symposium on Dependable Computing. IEEE, 2013,
pp. 152–161.

[37] (2018, April) Taylor series - error bounds. Brilliant.org. [Online].
Available: https://brilliant.org/wiki/taylor-series-error-bounds/

[38] E. Fehlberg, “Low-order classical runge-kutta formulas with stepsize
control and their application to some heat transfer problems,” NASA,
Tech. Rep. NASA TR R-315, 07 1969.

13


