Counting graph homomorphisms

John Engbers

Department of Mathematics
University of Notre Dame

MIGHTY LIII — lowa State University, Ames, 1A

September 22, 2012

John Engbers (Notre Dame) Counting graph homomorphisms

September 2012



An extremal question

Graph homomorphism (H-coloring): A map from V(G) to V(H) that
preserves edge adjacency.

G: H = Hinq :

— oY
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Examples: independent sets,

John Engbers (Notre Dame) Counting graph homomorphisms September 2012 2/9



An extremal question

Graph homomorphism (H-coloring): A map from V(G) to V(H) that
preserves edge adjacency.

Examples: independent sets, proper g-colorings,

John Engbers (Notre Dame) Counting graph homomorphisms September 2012 2/9



An extremal question

Graph homomorphism (H-coloring): A map from V(G) to V(H) that
preserves edge adjacency.

G: H=Hyg :

— WYY

Examples: independent sets, proper g-colorings, Widom-Rowlinson
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An extremal question

Graph homomorphism (H-coloring): A map from V(G) to V(H) that
preserves edge adjacency.

G: H=Hyg :

— WYY

Examples: independent sets, proper g-colorings, Widom-Rowlinson

Notation: hom(G, H) = number of homomorphisms from G to H.
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An extremal question

Graph homomorphism (H-coloring): A map from V(G) to V(H) that
preserves edge adjacency.

G: H=Hyg :

— WYY

Examples: independent sets, proper g-colorings, Widom-Rowlinson

Notation: hom(G, H) = number of homomorphisms from G to H.

Question
Fix H. Given a family of graphs G, which G € G maximizes hom (G, H)? J
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Various families
Question

Fix H. Given a family of graphs G, which G € G maximizes hom(G, H) ?
@ G = n-vertex m-edge graphs

J
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Various families

Question
Fix H. Given a family of graphs G, which G € G maximizes hom(G. H ) ?J

@ G = n-vertex m-edge graphs
» H = Hinq, H = Hyr, class of H (Cutler-Radcliffe)

6 5 6 5
7 4 70 4
8 3 8O 3
1 2 1 2
Lex(8,11) Colex(8,11)
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Various families

Question
Fix H. Given a family of graphs G, which G € G maximizes hom(G. H ) ?J

@ G = n-vertex m-edge graphs
» H = Hinq, H = Hyr, class of H (Cutler-Radcliffe)

6 5 6 5
7 4 70 4
8 3 8O 3
1 2 1 2
Lex(8,11) Colex(8,11)

» H = K, : various results, still open
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Various families

Question
Fix H. Given a family of graphs G, which G € G maximizes hom(G, H)? J

@ G = n-vertex d-regular bipartite graphs
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Various families

Question
Fix H. Given a family of graphs G, which G € G maximizes hom(G, H)? J

@ G = n-vertex d-regular bipartite graphs
» H = Hjnq (Kahn), generalized to all H (Galvin-Tetali)
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Question
Fix H. Given a family of graphs G, which G € G maximizes hom(G, H)? J

@ G = n-vertex d-regular bipartite graphs
» H = Hjnq (Kahn), generalized to all H (Galvin-Tetali)

@ G = n-vertex d-regular graphs
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Various families

Question
Fix H. Given a family of graphs G, which G € G maximizes hom(G, H)? J

@ G = n-vertex d-regular bipartite graphs
» H = Hinq (Kahn), generalized to all H (Galvin-Tetali)

~HEE SR

@ G = n-vertex d-regular graphs
» Hing (Zhao), class of H (Zhao, Galvin)

FEE SR &5
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Various families

Question
Fix H. Given a family of graphs G, which G € G maximizes hom(G, H)? J

@ G = n-vertex d-regular bipartite graphs
» H = Hinq (Kahn), generalized to all H (Galvin-Tetali)

~HEE SR

@ G = n-vertex d-regular graphs
» Hing (Zhao), class of H (Zhao, Galvin)

PES PG 6%

Open Conjecture

Fix H. For G = n-vertex d-regular graphs, hom(G, H) is maximized
when G = ;K44 or dLHKdH.

John Engbers (Notre Dame) Counting graph homomorphisms September 2012 4/9



Today’s family

G = G(n,9) = n-vertex graphs with minimum degree ¢
Today’s Question

Fix H. Which G € G(n, ) maximizes hom(G,H) ?
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Today’s Question
Fix H. Which G € G(n, ) maximizes hom(G,H) ?

Theorem (Galvin, 2011)

Forall G € G(n,5) and n > 852, hom(G, H;ny) is maximized when
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Today’s family

G = G(n,9) = n-vertex graphs with minimum degree ¢

Today’s Question
Fix H. Which G € G(n, ) maximizes hom(G,H) ?

Theorem (Galvin, 2011)

Forall G € G(n,5) and n > 852, hom(G, H;ny) is maximized when

Note: hom(K;, s, Hing) > 2"°.

Convention: Loops add 1 to degree
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Today’s family

Conjecture

Fix H. For all G € G(n,0) and n large enough, hom(G, H) is maximized
when G = Ksn—s, Z%K(w, or ﬁKﬁ—H-

Progress:
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Today’s family

Conjecture

Fix H. For all G € G(n,0) and n large enough, hom(G, H) is maximized
when G = Ksn—s, %K(w, or #Kz?—i-l-

Progress:

Theorem (E., 2012+)
@ Conjecture is true foro =1, 6 = 2.

® Suppose that 1 satisfies ey d(v) < (An)*. Then, forn > ¢
and G € G(n,9), hom(G, H) is maximized when G = K; ,_s.
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Today’s family

Conjecture

Fix H. For all G € G(n,0) and n large enough, hom(G, H) is maximized
when G = Ksn—s, %K(w, or #Kz?—i-l-

Progress:

Theorem (E., 2012+)
@ Conjecture is true foro =1, 6 = 2.

® Suppose that 1 satisfies ey d(v) < (An)*. Then, forn > ¢
and G € G(n,9), hom(G, H) is maximized when G = K; ,_s.

o v
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Today’s family

Conjecture

Fix H. For all G € G(n,0) and n large enough, hom(G, H) is maximized
when G = Ksn—s, %K@g, or #Kz?—l-l-

Progress:

Theorem (E., 2012+)
@ Conjecture is true foro =1, 6 = 2.

® Suppose that 1 satisfies ey d(v) < (An)*. Then, forn > ¢
and G € G(n,9), hom(G, H) is maximized when G = K; ,_s.

Examples:
® Hig: > d(v) =3 (Ap)* =4 v
® K;: > dv) =q(g—1);(An)* = (g—1)* X
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Today’s family

Conjecture

Fix H. For all G € G(n,0) and n large enough, hom(G, H) is maximized
when G = Ksn—s, %K@g, or ﬁKN—l-

Progress:

Theorem (E., 2012+)
@ Conjecture is true foro =1, 6 = 2.

® Suppose that 1 satisfies ey d(v) < (An)*. Then, forn > ¢
and G € G(n,9), hom(G, H) is maximized when G = K; ,_s.

Examples:
® Hing: Y d(v) = 3; (Ap)* =4 v

o K- d) =gt~ s(an2 = (-2 () () ()
® Hwr: > d(v) =7;(An)* =9V
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Idea of proof for H = Hwgr

Goal: 3,y d(v) < (Ap)* = hom(G, H) maximized for G = Ks,, s
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Idea of proof for H = Hwgr
Goal: 3° yy d(v) < (Ay)*> = hom(G, H) maximized for G = K ,;
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Idea of proof for H = Hwgr
Goal: 3° yy d(v) < (Ay)*> = hom(G, H) maximized for G = K ,;

hom(Kjs s, Hwr) > 3"~
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Idea of proof for H = Hwgr
Goal: 3° yy d(v) < (Ay)*> = hom(G, H) maximized for G = K ,;

hom(Kjs s, Hwr) > 3"~

Idea: Partition G(n,¢) by the size of maximum matching M.

iiii 00 00Ok
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Idea of proof for H = Hwgr
Goal: 3° yy d(v) < (Ay)*> = hom(G, H) maximized for G = K ,;

hom(Kjs s, Hwr) > 3"~

Idea: Partition G(n,¢) by the size of maximum matching M.

iiii 00 00Ok

7\ M
hom(G, Hys) < 7MI3n-21 — (3_2) 3
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Idea of proof for H = Hwgr
Goal: 3° yy d(v) < (Ay)*> = hom(G, H) maximized for G = K ,;

hom(Kjs s, Hwr) > 3"~

Idea: Partition G(n,¢) by the size of maximum matching M.

iiii 00 00Ok

M| M|
hom(G, Hiyg) < T3] = (%) ’ = <(2Ad() )> M o
H
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Idea of proof for H = Hwgr
Goal: 3° yy d(v) < (Ay)*> = hom(G, H) maximized for G = K ,;

hom(Kjs s, Hwr) > 3"~

Idea: Partition G(n,¢) by the size of maximum matching M.

iiii 00 00Ok

M| M|
hom(G, Hiyg) < T3] = (%) ’ = <(2Ad() )> M o
H

Any maximizing graph G has |[M| < ¢
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Idea of proof for H = Hwgr
Graphs with |//| < §: Short argument gives K;,_; maximizes
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Idea of proof for H = Hwgr
Graphs with || < §: Short argument gives K; ,_; maximizes

Graphs with 6 + 1 < |M| < ¢4

W83 0770 QQQ
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Idea of proof for H = Hwgr
Graphs with || < §: Short argument gives K; ,_; maximizes

Graphs with 6 + 1 < |M| < ¢4

W83 0770 QQQ

Facts:
@ /is an independent set
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Idea of proof for H = Hwgr
Graphs with || < §: Short argument gives K; ,_; maximizes

Graphs with 6 + 1 < |M| < ¢4

Facts:
@ /is an independent set
@ Most vertices in I have all neighbors in J
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Idea of proof for H = Hwgr
Graphs with || < §: Short argument gives K; ,_; maximizes

Graphs with 6 + 1 < |M| < ¢4

Facts:
@ /is an independent set
@ Most vertices in I have all neighbors in J

@ Some set of § vertices in J has ~ % = Q(n) neighbors in I.
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Idea of proof for H = Hwgr
Graphs with || < §: Short argument gives K; ,_; maximizes

Graphs with 6 + 1 < |M| < ¢4

Facts:
@ /is an independent set
@ Most vertices in I have all neighbors in J
@ Some set of ¢ vertices in J has ~ " 21 —

(%)
Then:
@ Case 1: All § vertices get color gray (< (/) 3" )

Q(n) neighbors in 1.
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Idea of proof for H = Hwgr
Graphs with || < §: Short argument gives K; ,_; maximizes

Graphs with 6 + 1 < |M| < ¢4

Facts:
@ /is an independent set
@ Most vertices in I have all neighbors in J

@ Some set of § vertices in J has ~ % — Q(n) neighbors in 1.
Then: ‘
@ Case 1: All § vertices get color gray (< (/) 3" )

@ Case 2: At least 1 of § vertices gets color blue/red (< (2)"" 37
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Concluding remarks
Result for 6 = 1, 2:
@ Analyze structural properties of edge-critical graphs G (remove
any edge = minimum degree drops)
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@ Analyze structural properties of edge-critical graphs G (remove
any edge = minimum degree drops)
Future directions:
@ Notice:

> d(v)=5:(Ay)* =4 | Maximized in G(n,2) by Ky, >
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Concluding remarks
Result for 6 = 1, 2:
@ Analyze structural properties of edge-critical graphs G (remove
any edge = minimum degree drops)

Future directions:
H: < 2

@ Notice:
> d(v)=5:(Ay)* =4 | Maximized in G(n,2) by Ky, >
veV(H)

Sufficient (Ks,,_s): hom(Ks s, H)% < Ay & hom(Ksy1, H)71 < Ay?
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Concluding remarks
Result for 6 = 1, 2:
@ Analyze structural properties of edge-critical graphs G (remove
any edge = minimum degree drops)

Future directions:
H: < 2

@ Notice:
> d(v)=5:(Ay)* =4 | Maximized in G(n,2) by Ky, >
veV(H)

Sufficient (Ks,,_s): hom(Ks s, H)% < Ay & hom(Ksy1, H)71 < Ay?

@ § = 3? Other small values of §7?
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Concluding remarks
Result for 6 = 1, 2:
@ Analyze structural properties of edge-critical graphs G (remove
any edge = minimum degree drops)
Future directions:

@ Notice:
H: < ?
> dv)=5(A)* =4 | Maximized in G(n,2) by K3, »
veV(H)

Sufficient (Ks,,_s): hom(Ks s, H)% < Ay & hom(Ksy1, H)71 < Ay?

@ 0 = 37 Other small values of 67
@ Meaningful structural properties of edge-critical graphs (6 > 3)?
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Concluding remarks
Result for 6 = 1, 2:
@ Analyze structural properties of edge-critical graphs G (remove
any edge = minimum degree drops)
Future directions:

@ Notice:
H: < ?
> dv)=5(A)* =4 | Maximized in G(n,2) by K3, »
veV(H)

Sufficient (Ks,,_s): hom(Ks s, H)% < Ay & hom(Ksy1, H)71 < Ay?

@ 0 = 37 Other small values of 67
@ Meaningful structural properties of edge-critical graphs (6 > 3)?

Thank you!
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