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WITH MEAN AND VARIANCE UNKNOWN

Huserr W. LILLIEFORS
The George Washington University

The standard tables used for the Kolmogorov-Smirnov test are valid
when testing whether a set of observations are from a completely
specified continuous distribution. If one or more parameters must be
estimated from the sample then the tables are no longer valid.

A table is given in this note for use with the Kolmogorov-Smirnov
statistic for testing whether a set of observations is from a normal
population when the mean and variance are not specified but must be
estimated from the sample. The table is obtained from a Monte Carlo
caleylation.

A brief Monte Carlo investigation is made of the power of the test.

w a8 Kolmogorov-Smirnov statistic provides a means of testing whether a
H‘m& of observations are from some completely specified continuous dis-
gribution, Fo(X). The usual alternative would be the chi-square test. The
Ko BomoHoJ.mB:ﬁoM test has at least two major advantages over the chi-
ref. 1, 2

5quare test

seen below

b =Maxy _

value of N

{, It can be used with small sample sizes, where the validity of the chi-

- square test would be questionable,

9. Often it appears to be a more @oéo&& test than the chi-square test for
any sample size.

“Unfortunately, when certain parameters of the distribution must be esti-
mated from the sample, then the Kolmogorov-Smirnov test no longer applies—

~rof. 2 that if the test is used in this case, the results will be conservative in
' ithesense that the probability of a type 1 error will be smaller than as given by
' fables of the Kolmogorov-Smirnov statistic [as found in ref. 2 or 4]. As will be
the results of this procedure will indeed be extremely conservative.
-Inref. 1 it is pointed out that if the parameters to be estimated are parame-
ters of scale or location, then one can construct tables for use with the Kolmo-
goroy-Smirnov statistic for that particular distribution.
. This note presents a table for use with the Kolmogorov-Smirnov statistic
. when testing that a set of observations are from a normal population but the
~mean and variance are not specified.
- The procedure is: Given a sample of N observations, one determines
F*(X)—8y(X) |, where Sy(X) is the sample cumulative distribu-
:o: ?aoﬁod and F*(z) is the cumulative normal distribution function with
X, the sample mean, and ¢?=s?, the sample variance, defined with denomi-
gﬁow n—1. If the value of D exceeds the critical value in the table, one rejects
-thehypothesis that the observations are from a normal population.,
~ The values in the table were obtained by a Monte Carlo calculation. For each
1,000 or more samples were drawn and the distribution of D was
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thus esti .
mated. The calculations were performed at The George Washi '} %0
> yvasningtg, TABLE 2
z :
probability of rejecting hypothesis of normality using D statistic and chi-square
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Kolmogorov-Smirn
i - ov test [ref. 2 4] 3 :
M\MFomd.mwmms most cases %@Bﬁ.mﬂmwmﬂw\Hmmwcﬁwmawwm@drﬁrod Monte Carlo 2.59.; gith 500 samples for each distribution.
e ratio of the Monte Carlo v - e standard val . Gl :
. alues ues. Sin
fixed, especially for the laree ] to 2&.@ standard values remains relati cm Kolmogorov-Smirnov test Chi-Square test
decreasing as 1 /N _Hrw M,M alues of N, it appeared that the values were MM%
multiplied by the mmw onte Carlp values for g sample of size 40 o derlving Distributi Using Critical Values Using Monte Carlo
for the critical val q f € root-of m.S and the result was used as th i Uaderying Distribution From Table 1 Critioal Values
tained o . Vawues for sample sizes greater than 30. Tn ref © Numeratq,
o mw & similar caleulation for N=100 using 400 - dnretf. 3 values were ot a=.05 a=.10 a=.06 a=.12
a . .
Ooooa with the “asymptotic” values given in Tab] samples. The values Wera | —
omparing Table 1 with the standard table f e i N s 55 % S
test from ref, 2, it ; - abie for the Kolm . Chi-square, 3 d.f. .44 .55 .20 .27
, 1t Is seen that the eritical values in Table 1 for om%Hwow,m.Ei:S\ gtudent’s ¢, 3 d.f. .50 .58 .40 .52
& .Ul significancge | ggponential .61 72 29 .41
12 .22 .10 .18
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sample would be to obtain an extremely conservative test in the sense that the
getual significance level would be much lower than that given by the table.
Tt would appear that this specialized Kolmogorov-Smirnov test for normality

TABLE 1. TABLE OF CRITICAL, vaTyg -
of N. Any value % WAMWMMM Muo table are critical valyes Ass0 SEMM WED , £ should have the same advantages over the chi-square test as does the usual
at the indicated level.of mu.mimmwwmoma %me or equal to the tabulated im%mw Mommm%um‘m&cmm W&Bomoao,\.mwiwzodx best Qw.mb testing for a mom.ﬁb letely sp mo.wmma distribution.
Carlo caleulations, using 1,000 or more mmwwm %mw:mm were obtained as a resuls of Emwwﬁ Clearly it provides a test which can be used with sample sizes which are too
bres for each value of . 5 small for use of the chi-square test. It is shown in ref. 3 that asymptotically it
_is more powerful than the chi-square test. .

A brief Monte Carlo investigation was made of the power of this test. Five
‘hundred samples of size 20 were drawn from each of several distributions. The
probability of rejection using the Kolmogorov-Smirnov test (Table 1) was de-

.

4 : ' .
.300 e . _
5 .285 WWW -352 .381 417 - termined. The results are given in Table 2. The value of chi-square was also
M .265 277 WMM .337 .405 determined for each sample (using four intervals). The intervals were deter-
3 .wmw .258 276 -819 .364 mined so as to have equal probabilities under the fitted normal curve. It was
9 ) mww 244 .261 : wmm .348 | shown in ref. 5 that the asymptotic distribution of chi-square lies between chi-
10 9 15 mww .249 ..m,\. 1 www square with one degree of freedom and chi-square with three degrees of freedom.
11 .206 .MG -239 .258 .mo 1 This is due to the use of maximum likelihood estimators based on the in-
HHW 199 .212 mwm .249 284 - | dividual observations rather than data grouped into cell frequencies (in which
14 .wmm .202 214 : WMM 275 case the distribution would be chi-square with one degree of freedom). When
: .19 : .26 .
MM o .Hmw wmw gt .m% TABLE 3
-173 .182 ’ -220 2 5
17 .169 177 -195 .213 mww 7 Probability of rejecting hypothesis of normality using D statistic when sample size
18 .166 173 .189 .208 .wa is 10. The numbers are the result of Monte Carlo calculations with 500 samples for each
19 .163 .Hm .184 .200 .mwm distribution,
20 160 ey 179 195 e
25 .166 174 .285 ] . :
-149 .153 -190 231 Underlying Distribution a=.08 a=.10
30 131 165 180 [
.138 144 161 .203
Over 30 . .187 Y, Normal .05 .10
736 .768 Chi-Square, 3 d.f. .23 .35
’ : . Student’s ¢, 3 d.f. : .28 .36
Exponential .34 .46
Uniform .07 .13
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the standard chi-square point for @ =.05 and one degree of freedom was com-
pared to the Monte Carlo results 1t was found that the probability of a type I
error was .11. Since this probability was so far from the nominal value, rejec-
tion points were determined for chi-square from the Monte Carlo calculations.
The values of 5.2 and 4.0 were found to give probabilities of type I error of

.06 and .12 respectively. The probability of rejection was tabulated using these -

new critical values. )

Probabilities of rejecting the hypothesis of normality were also determined
(again using a Monte Carlo calculation) for a sample of size 10 using the
Kolmogorov-Smirnov statistic and the critical points of Table 1. These results
are given in Table 3.
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LINEAR SEGMENT CONFIDENCE BANDS
FOR SIMPLE LINEAR MODELS

FraNgLIN A. GrAYBILL AND Davip C. BowpeN
Colorado State University

In this paper confidence bands are given for the entire line for simple
linear regressions. The conventional bands that have been given in the
past are curvilinear. In this paper we consider confidence bands that
are straight lines. It is shown that under certain conditions the “width”
of these straight line bands is less than the width of the conventional
curvilinear bands.

1. INTRODUCTION

METHOD for setting confidence bands on the entire line in a simple linear
model is well known [3], where the model is given by

Yi = U + Bl - z) + e (1)

where the y; are observed random variables, and z; are fixed observed variables,
and the e, are unobserved random normal variables with mean zero and vari-
ance o (unknown). The conventional confidence bands, with confidence co-
efficient 1 —a, on the entire line defined by
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w=pt+BEr—3 —o<z< o, @)
-is given by
. 1 (z—a)ee
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n ns?
where
. 1 & «
7S g~ g — Bl — D)
n — 2 i
B=y
52— D~ D)
MAHQ.. — .‘mvm
1
87 = — 2(x; — 7)* )
n

Fa 2, n—2 is the upper a value of Snedecor’s F with 2 and n—2 degrees of
freedom. .

The probability is equal to 1 —a that the statement in (3) is satisfied for all
x such that —e <z < c. It is noticed that the confidence bands in (3) are
curvilinear.



