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Change of Variable

Given a random variable x, with probability
distribution function f, (x| ), we often would
like to know the probability distribution of a

random variable vy, that is a function y(x) of x,

y=Y(X).
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Change of Variable

Let y=y(Xx) be a one-to-one transformation

with inverse transformation x=x(y) .

Then, if f, (X|6) is the PDF of x, the PDF of y
can be found as

Ty (y]8) = T, (x(y) | 9)x| I (X > y)]|

dx(y)
dy

where J(x—>y)=

Suppress PDF subscripts.
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Change of Variable

Not one-to-one
Let y=y(x) be a not one-to-one transformation,

(i.e. y=x2 ,then x (y)= +\/7 and X, (y)=—V .)

We can still perform the change of variable by
breaking up the transformation into pieces that arel-to-1.

dx; (Y)

Ty (y|6) = Zf (X;(¥)[0) >

. _ 1 _ 1
e, T,(y10)=1,(y|6) ZWHX( Jy16) ;
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Outline

« Bivariate Continuous Distributions
Joint PDF, Conditional PDF, Marginal PDF

 Bivariate Transformation of Variables
Sum of RVs
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Bivariate Continuous Distributions

Bivariate Normal
A bivariate (2D) PDF f (X, X, |6) |

014 L

of two confinuous random .

variables (X.,X,) depending

upon parameters 6 satisfies

1) 0< f(x,%|0)<L V(X,X)

2) [ (% |0)dxdx, =1 |

X1 Xo
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Bivariate Change of Variable

Given two continuous random variables, (x;,X,)
with joint probability distribution function fx x, (X%, [6).

Let (yl(xlixz)j be a transformation from (X, X,) to(V;,V,)
Yo (X0, X5)

with inverse transformation Lxl(yl’ Yz)j .
X, (Y1y Y2)
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Bivariate Change of Variable

Then, the joint probability distribution function f, . (., ¥,|6)

of (Y.,Y,) can be found via

foyv (V0 Y2 10)= Ty o (XYY )Xo 00y ) 0)x B & X, Y1y )

dx, (Y. Y,)  dx(y,Y,)
dy, dy,
where J(X,X , =
DX = Yoo ¥2) %, (Y, ¥o) A% (¥, Y,)
dy, dy,
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Bivariate Change of Variable - Sum

Let x, have PDF fy (X |€)) and x, have PDF fy_(X,]6,),
then, the PDF of ¥, =X + X% can be found via the

bivariate change of variable technique

foy O Yo 10) =T o (XOW %), %(Y W % T X >y Y

with marginalization f, (y,|6) =I f, v (Yo Y| Oy, .
Y2



Marquette University MSCS6010

Bivariate Change of Variable - Sum

The joint PDF of (X, X,) is
fxl,Xz(Xl’ X, |0)= fx1 (% 16,) fx2 (X, |8,). (neednot be independent)

Let V=X +X;, and Y, =X,,then X =Y,—Y,and X, =Y,.

dx, (Y., ¥,)  dx (., Y,)
dy, dy,
J(X, X = YL Y,) = =1
P A, (YY) O% (YY)
dy, dy,
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 Distribution of Mean of RVs
Normal and Uniform

» Central Limit Theorem (CLT)
Uniform vs. Normal
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Bivariate Change of Variable - Average

Talked about x; with PDF fy (X |6)), and x, with PDF
fx2 (X,16,), then the PDF of Y; =X, +X, can be found

via the bivariate change of variable technique

fyv, (Yo Y2 10)= f o (YY) X, 60y )0 X B KXY,y )

with marginalization f, (Y, |0)= I f,.v (VY. €0y,
Y2
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Bivariate Change of Variable - Average

The change of variable technique can be used to find
the distribution of the sum or average of two uniform RVs.

Let u,~uniform(0,1) and u,~uniform(0,1).
The joint PDF of (U;,U,) is f(u)

1+

1 if u e[0,1]andu, € [0,1

F(u,u,) :{O if u,¢[0,1]oru, ¢ [0,1]

u
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Bivariate Change of Variable - Average

Using the change of variable technique
fy v, (Y0 Y2 10)= Ty b, UYLy )U, 0y )0 X P @ u,—>y,.y,)

f (i 10)= [ fiy, (v1,Y, [0,
Yo

the distribution of y,=u,+u, Is

(0 if y, <0

y, If 0<y <1/2
1-y, if 1/2<y, <1
0 y, >1

F(y) =+

Y
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Bivariate Change of Variable - Average

This change of variable technigue can be applied again,
u;~uniform(0,1), and the distribution of y,=y,+u,; found

fYZ,YB(y:g’ Ya |6): fY3,Y4 (y1(y3’y4)1u 3@31y 4) |9 X p @1“ 3> Y3y 4)
f, (%3 10)= | .y, (Vs Ya 1O, Forhe bivarate changeof variable
Ya

f(us) L | L - f(y,)
1] ’ 1

 RV=?RV

\

. Homework.
3

uniform trianqular Y1
D.B. Rowe

:RV+
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Bivariate Change of Variable - Average

This change of variable technigue can be repeated many
times to determine the distribution of y=(u;+u,+us+...+u.)/n
where each u; is uniform(a,b).

For large n, the mean becomes normally distributed with

O
Hgy =H, Og=—F= b—a
X X \/ﬁ H=—-
2
_ A)2
X ~N(u= .02 =0 In) 52 = Za)
1
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The Central Limit Theorem (CLT)

Two continuous data examples, =100 and o =57.73 .

Generate data X,...,X,, forn=1, 2, 3, 4, 5, 15, 30, and 50.
Calculate X, and repeat one million times.

Unitorm distribution, [a=0,b=200].  f (x) = 1 a<x<b
b-a
_i(x—_ﬂjz

Normal distribution, LuleO,cs:57.7].]c (x) = e 2l o) —0<X< 0
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The Central Limit Theorem (CLT) 11=100

2.5¢

15

n=1 1x10% means

o=95/.73

Histogram
of means
from uniform

N

20 40 60

2.5¢

15

Histogram
- of means .
from normal

N |

0 20 40 60 80 100 120 140 160 180 200



Marquette University MSCS6010

The Central Limit Theorem (CLT)
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The Central Limit Theorem (CLT) 11=100

o=957.13
n=3 1x10°means
X 105 X 105
25 o L L L L L L L L L o 25 £ L L L L L L L L L
Histogram Histogram
,. Of means - 2~ of means I
from uniform from normal

s N PN r
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The Central Limit Theorem (CLT) 11=100

o=95/.73
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The Central Limit Theorem (CLT) 11=100

o=957.13
n=5 1x10°means
X 105 X 105
25 o L L L L L L L L L o 25 £ L L L L L L L L L
Histogram Histogram
,. Of means - 2~ of means I
from uniform from normal

s N PN r
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The Central Limit Theorem (CLT) 11=100

o=57.73
n=15 1x10% means
X 105 X 105
25 r T L T L T T L T L T 25 r T L T L T T L T L
;'Sraoe%;r?;n Histogram
20 + 2~ of means g
from uniform from normal

s N PN r
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The Central Limit Theorem (CLT) 11=100

o=57.73
n=30 1x10% means
X 105 X 105
25 r T L T L T T L T L T 25 r T L T L T T L T L
;'Sraoe%;r?;n Histogram
20 + 2~ of means g
from uniform from normal

s N N
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The Central Limit Theorem (CLT) 11=100

o=57.73
n=50 1x10% means
X 105 X 105
25 r T L T L T T L T L T 25 r T L T L T T L T L
;'Sraoe%;r?;n Histogram
20 + 2~ of means g
from uniform from normal

s N N
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* Distributions
Uniforms to Normals
Normals to Chi-Square
Normal and Chi-Squareto t
Chi-Squares to F
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Bivariate Change of Variable - Normals

Let u,~uniform(0,1) and u,~uniform(0,1).
The joint PDF of (u,,u,) is

1 if u e[0,1]andu, € [0,1]

f(ul’UZ):{o if u,¢[0,1]oru, ¢ [0,1] |

If zz =z(u,u,), z,=27,(u,U,), the joint distribution of (z,,2,)is
le,Zz(Zl’ZZ |9): fuluz(ul(zl’ZZ)M 2(21’2 2) |‘9)>< |J (J Uo—=>2,4 2)

dul(zl’ 22) du1(21’ 22)
dz, dz,
duz(zl, Zz) duz(zp Zz)
dz, dz,

J(u1’u2 —> L, Zz) -
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Bivariate Change of Variable - Normals

Let z, =/-2In(u,) cos(2zu, Jand z, =/-2In(u, ) sin(2zu, )

L2122 1 Z,
then u,(z,z,) =e ? and u,(z,,z,)=—atan —= |.
27 Z,

du,(z,,z,) du,(z,2))
dz dz 1 22 +172
J(Ul,uz —)21122): : ; =—ie 2( )
du,(z,z,) du,(z,2,) 27
dz, dz,
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Bivariate Change of Variable - Normals

Therefore,
f, 2 (2,2,10)= 1, , (U(@,,2,)U,@,2,)0)x P 0u,—>2,7,)

which upon insertion yields

f, ,(2,2,10) = pynl
21,2, NT1T 2 27T Joint PDF factors
thus independent
— e —_

This means z, ~ N(0,1), z, ~ N(0,1), z, and z,are independent.
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Bivariate Change of Variable - Chi-Square

W e discussed how we can obtain a random variable x
that has a general normal distribution with mean x and
variance o2 via the transformation X=0Z+ 1,

The PDF of x can be obtained by the change of variable

AfxuY
f(X|y,02):ﬁe 2( g j

where, X,#€R 0<o. That is, x~normal(x,c2).
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Bivariate Change of Variable - Chi-Square

We also discussed how the change of variable technique
can be repeated. If x,~normal(x,o°) for i=1,...,n, and

X;'s are independent, then
2

yzéznlxi = N(/U’G_]
A

N
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Bivariate Change of Variable - Chi-Square

We also discussed how the change of variable technique

X H

2
j . If x;.~normal( &, %), then
o

can be applied to Y, =(
the distribution y, Is 7°(). This process can be duplicated

so that if x,~normal(x,o°), then the distribution of

Y, =(X2_ﬂj is 7°(1).

O

Now what Is the distribution ofy, + Y, ?
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Bivariate Change of Variable - Chi-Square

Let y, and y, have independent chi-square PDFs

1/2-1 —y;/2

Y, e -
f(y)=2 , >0, 1=12.

We can find the distribution of W, =Y, + Y, (and w,=y,)

via the bivariate change of variable technique
fwl,wz (Wl’WZ |9): le,Yz (Y1(W1’W2)’y2 @Vl’VVZ) |6’ >< IJ 6/1 Y > W W 2)

with marginalization f,, (W, [6)= j f,w, Wy, W, |6 0w,

W,
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Bivariate Change of Variable - Chi-Square

It turns out that if y,~y?(1), y,~ ¥*(1), and independent, then
W, =Y, +Y,~ x¥°(2). Or more generally, if y, ~ x°(v,),
Y, ~ x°(v,), and independent, then W, =Y, +Y, ~ 2 (vi+v,).

So what this means is that

O

2
n My —
y= Z( I ,Uj - Zz (n)! <——  Homework problem.
i=1
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Bivariate Change of Variable - Chi-Square

If the mean u is unknown, then we can estimate it by x
and lose one degree of freedom!

B(act] -5 (2E] o 24

. J/

D ] T

_ add and _ _ 5

Wejust  subtract Since X~ N(u,0° /n)
X inthe v _

Showed numerator X ’Ll ~ N (0’1)

or by transformation!

Because df add, ( X
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Bivariate Change of Variable - Student-t

We showed that if x;~normal(,, 52) for i=1,...,n, then

2 —_
_ X —
the distribution of X ~ N Eﬂ,%j and Z= 2 N (0,1)

G/\/H

2
(X —X
and that the distribution of Y, =Z( ' j ~y(n-1)

i=1 o
n—1)s’
Note thaty, = ( 2) .
n—1)s° L .
It turns out that z and ( 2) are statistically independent!
O



Marquette University MSCS6010

Bivariate Change of Variable - Student-t

X—u Vs’

So Z:a/%~N(O’1) and y2=7~z(v), v=n-1.

V4

v /v

Then z = % and Y, =S5 the Jacobian of the transformation is
1%

Let t=

ands=y,.

dz(t,s)  dz(t,s)

| dt ds | s

WYL= 69 dns)| b
dt ds



Marquette University MSCS6010

Bivariate Change of Variable - Student-t

Here we use the assumption
The joint distribution of (t,s) is .~ | thatzand y are independent!

frs(ts|O)=1, (¥, (t,8),z(t,s)P X [I (% .z t,5)
S%—le—§(1+%t2) ) \/g
T(3)2"V2r |y

and by integrating out s the distribution of tis

(V+1) ( )v+1 7 — X_\%
£ (t]v)= 1+ 1¢2) 7 N
' \/:F( ) y2:(n;)sz

The distribution of t= ~t(n—-1)1

Z
\/Y2/(n _1)
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Bivariate Change of Variable - F

2 2 2
(X — U (X —X X — i
Recall that | — ' + ,
;( o j .21:( o j (a/\/nj

/ . J/

12?1) Z(Flf—l) z\(fl)

_ 2 N2
X—u (X —X
It turns out that = and — '
s (G/Jnj & Zl( o j

are statistically independent.

But of interest to us (hypothesis testing) is the distribution of

f: y1/V1
Y, v,

,where y, ~ 7*(v}) and y,~ 7°(v,) .
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Bivariate Change of Variable - F

Lety, and y, have independent y? PDFs with v, and v, df

yv/2 1.-v;/2
f Sl Cov.>0,1=12.
(yl | ) F( /2)21//2 yl > /
We can find the distribution of f = Y11 vy (and g=y,)
Y, v,

via the bivariate change of variable technique

fea(1.910)=1,,, (¥i(1,9).¥,(1,9)|)x[ I (Y1 ¥, = 1.,0)]

and marginalization f_(f |¢9):j fr o (f,010)dg.
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Bivariate Change of Variable - F

The joint distribution of (f,q) is
fea(F,010)=1,  (Yi(f,9),Y,(f,9)[0)x|I(y,,y, > f,0)|

the original variables in terms of the new variables are

y, =—0f and y, = g with Jacobian

Vs,
dy,(f,g) dy,(f,9)
df dg Vv
J(y,y, = f,0)= =—0
o dy,(f,g) dy,(f,9)] v, -
df dg
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Bivariate Change of Variable-F
=000y =g

Vs,
The joint distribution of (f,q) is

fea(1.910) =1\, (¥i(1,9).Y,(1,9)|)x[ I (Y Y, = 1,0)]

V V1/2—1 —[ﬁgf ]/2
-1 V2
V2 gf € Vol2-1,—09/2

g e
fo (f ql@)=
ro(1:910) T(v,/2)2"%*  T(v,]2)2""

fe(f10)=] fec(f.g10)g

g 12 Vyl2
f(F|vv,) = (v, +v,)/!2) v, 1 v,
C(v, 12)[(v,2)\ v, T +v, v, T +v,

Vi

Vs

:




Marquette University MSCS6010

Bivariate Change of Variable - F

y1/V1 iS
Y, v,

F distributed with v; numerator df and v, denominator df

(F vy = F(Vlgvz) Vlf /2 . v, vyl2
F 1172 _F(%)r(%) Vlf +V, Vlf +V,

where v,,v, =12,... Z”:(xi—uj:i(xi—xj (;/Jy_]z

o)

The joint distribution of f =

x(n) z(n-1) 2@

Therefore,

() A 802 o] o
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Bivariate Change of Variable - F/Student-t

We just showed that

/ X—p ) (X ~X Y
f = Yi'Vi F(1,n-1) where y1=(x—ﬂj and yz=Z(X' Xj

Y, /Vz =1 o
Recall that we showed that
Z
_ ~t(n-1) _X-u (n-Ds*
JY./(n=1) where £= 5 A4 Y= 5

What this means is, when v, =1, f=t2!

e\ A0 fon
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Bivariate Change of Variable - normal, y%, t, F

Recap: u,; and u,~uniform(0,1) and independent
2, =-2In(u,) cos(2zu,)  z,=./-2Inu,)sin(2zu, )
z,~N(0,1),z,~ N(0,1), z, andz, are independent

_ o’
X =0z + u~N(uoc’) X'”NE,U’— G/\F~N(Ol)

2
_| X—H (n-1s* ,, . y,andyare
_(a/ Jn j ), v o ~2 (=) iIndependent

B Z el _ y, /1
N vy S S R T

~F(@Ln-1)
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Outline
« Multivariate Transformation of Variables

 Maximum Likelihood Estimation (MLE)
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Multivariate Change of Variable

The distribution of (y1 ----- Y.) is

(Ve ¥a 16) = F (Yoo Vo )sooos Xy (Yoo Yo ) | 9)
X[ (X Xy = Yysees Vi) |

b (oY) =(2707) e><|o{—i{(y1 —iyi - 4y’ +_Zn}(yi +Y, —u)zﬂl n|

20"

WOLOG let ;=0 =1 ¢X o
NP Z@yﬁ[gyﬂ
fY(yl’m'y”):(Zj e 2
So X and s?are independent. ¥ g | 500 +Ze o)
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Multivariate Change of Variable

The important moral to learn from our study of
transformation of variables is:

Measurements have statistical variation and a statistical
distribution associated with them and every time we do
something with a measurement (i.e. math operation on it)

we change its statistical properties and its distribution!
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Maximum Likelihood Estimation - Mean

L(z,0°) is called the likelihood function.
What we want to do is find the values of (u,0°)
that maximize L(u,o°). The value of u that maximizes
L(x,0°) is the value £ that minimizes i(yi —u)°,

The value of o2 that maximizes L(u,c0°) is

A

2 2 : 2 i i
O =— P L . n
N5 (y ) minimize) d?
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Maximum Likelihood Estimation - Mean

L(u,0°) is called the likelihood function.

What we do is differentiate L(z,c°) wrt z and 02, set =0 and
solve. That is,
oL(u,0°)

O

2
=0 and 6"(“’20)
2 oo

=0 .

~ /\2
Q.6

However, this iIs messy, but we can instead maximize
LL(zt,0°) =In(L(x, %))

because it is a monotonic function. Use log(+) for In(-).
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Maximum Likelihood Estimation - Mean

With ¥, =+ & and & ~ N(0,6°), & independent,

f(YyyoonsYn 1,07 )= (2002 )2 ex{— }72 G, — 1 f}

LL(u,0%) =~ log(27)- =DNAV
OLL(, o)
ou |, 2 6_2;2(3/. M=) =0

OLL(u, o) n 2

352 A :_E " Z(Az) Z(Y. f1)° =
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Maximum Likelihood Estimation - Mean

Solving for x and o? vyields
L1l o 1L .
pi==2y, and &*==% (y,-[) -
No )

These are MLEs, most probable or modal values.

This is why

we use a

Note that the denominator is n and not n-1. _— denominator
n-1.

. n-1
&2 is a biased estimator of o*, E(Gz)z( - )02 _
52 né* . Nh-=1
9 -1 — EC)=n-1 — E@E)=" 0"
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Maximum Likelihood Estimation - Linear

This technique, can be generalized to linear regression.

Let y,=a+bx +¢, | y =a+bx
where & ~ N(0,6°)

are independent.

1=1,....n
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Maximum Likelihood Estimation - Linear

This technique, can be generalized to linear regression.
Let y, =a+bx +¢, where & ~ N(0,6°) are independent.

Then, the likelihood Is i
f(y,,....y, |a,bo? )= (2ro” )? ex{—

izi Qli_a_b)? 3}

and the log likelinood is
LL(a,b,o )——— log(27 )——

Z@ —a—bx §
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Marquette University

Maximum Likelihood Estimation - Linear

Differentiate LL(a,b,o”) wrt a, b, and o2, then set =0

LL(a,b,c?)= (1722“: , —a—bx j
=
GLL(z,ab,az) . _ 2;2 iz(yi — é—Bxi)(—l) =0
(’3L|—(Zi3b,02) - &2;2(}/. a—bx)(—x) =0
) n
8LLga(;l;J,G )éﬁ’&z :_2&22 2(”) Z(yl =0
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Maximum Likelihood Estimation - Linear

Solving for the estimated parameters yields

-0y J = 4+ bx
b — i=1 i=1 i=1

()-8
Q- xy)
) ")~ (%)
a=y-bx

62 == (y,~4-bx)
=1

D
I

a
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Maximum Likelihood Estimation - Linear

ld
The regression model Y; =a+bx +&; where ¢ ~N(0,0°)

that we presented, can be equivalently written as = hen
gwaetzsured /yl\ (1 Xl\ rd Coelff/ICIents (81\ /
~ 1 X a c
RS P zﬂf(bJ i
\Yn 1 X, e, )

and €~ N(0,0°l,). | is an n-dimensional identity matrix.
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Maximum Likelihood Estimation - Linear

With y=XfB+¢& and ¢~ N(0,6°1,)

nx1 nx1

The likelihood Is

f(y,Y,]| a,b,o%) = (27zc72)_E exp[_ 1

20°

(y— X B)(y - Xﬂ)}
and the log likelinood is

1

20°

LL(a,b,0?) =~ log(27) ~ ~10g(0”) = 5= (y = X B)(y = X )
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Maximum Likelihood Estimation - Linear

L(B,0°) is again called the likelihood function.

What we want to do is find the values of (8,0°)

that maximize L(B,o°) . The value of 8 that maximizes
L(B,6°)is the value A that minimizes (Y — X8)'(y— X2).

The value of o2 that maximizes L(8,0°) is

> 1 A ~ —y —a—bx
6% =—(y=XB)'(y~XJ) O
n minimize (y— X2)'(y— X/[3)

We need to find 2. wit/
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Maximum Likelihood Estimation - Linear

We don’t need to take the derivative of L(3,5°)

wrt £ (although we could). We can write with algebra

(Y=XB)'(y=XB)=(y—XB)(Yy—XB)+ (B-B) (X 'X)B-p

N\ add and subtract X

where 8 =(X'X)™" X"y, it can be seen that 8 = 3 maximizes

invertible

LL(B,0%) = —g log(27) — g log(c?)

0= XB - XA+ (8- BB 5]
O
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Maximum Likelihood Estimation - Linear

More generally, we can have a multiple regression model

y=XpB+¢& where ¢ ~N(0,6°1.) and

nx1 nx1
measured design regrﬁssion measurement
data matrix coefficients  arror
d v - /
/yl\ /]_ X, - qu\ /180\ (gl\
Y, 1 X51 X, 181 &2
y — . : X =1 . . ¢ . k , — . y & = .
nx1 nx(g+1) (g+1)x1 nx1
\ Yn / \1 X o an) \IBQ y, \én
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Maximum Likelihood Estimation - Linear

The MLEs are the same,

B=(X"X)*X"y and &%%(y—xp@)'(y—xpﬁ).

(Q+1)x1
In addition,
A2
A O
~N(B,0%(X'X)™ n—~x°(n—-q-1
(qul ('BG( ))and o’ 2 (n=4-1)
(Y= XB)'(y=XB)=(y—XB)'(y= XB)+ (B—B) (X ' X)B—f
*(n) ?(n-g-1) ?(a+1)
x / x g ~ /’ AR\
This means we should use a denominator independent

of n-g-1forunbiased estimator of G2.
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Maximum Likelthood Estimation - Exponential
This is a more general method than just for linear functions
Let vy =ae™ +¢g ,
where & ~ N(0,0°)
are independent.

1=1,....n
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Maximum Likelthood Estimation - Exponential

This is a more general method than just for linear functions
Let y. =ae™ +¢ , where ¢ ~ N(0,0°) are independent.

Then, the likelihood Is i i
f(YpoYy [@ D 07 )= (2067 )2 ex{_zlzZ g, —ae ™ 3}
O

=1
and the log likelinood is
LL(a,b,az)z—g log(2r )—g loge? )

122 @i_ae_b)(i 5

20 i—



Marquette University MSCS6010

Maximum Likelthood Estimation - Exponential

L(a,b,c%)is again called the likelihood function.

What we want to do is find the values of (a,b,c”)

that maximize L(a,b,o°). The values (a,b) that maximize
L(a,b,o0°)are the values (4,b) that minimize Zn:(yi —ae ™),

=1

The value of o2 that maximizes L(a,b,c%) is

o 19 s

02 :_2 :(yl _ e bx,)2 | dl. .y,. aen 2

n<s minimize ) d,
wrta, b =



Marquette University MSCS6010

Maximum Likelthood Estimation - Exponential

Differentiate LL(a,b,o”) wrt a, b, and o2, then set =0

LL(a,b,c%)= 2(1722 f, —ae ™ j
=1
8LL(a,b,c72) 1 Z”: A B Bx
=27 2.2y, —8e)(-e ") =0
Ga 3,6,&2 202 i=1
6LL(a,b,0'2) —bx; —bx;
— 2 ae X.e =0
o .. 2&2; (y; —ae™)(—xe™)
oLL(a,b,o?) n 2 C bx
= —— ae
oo’ e 2 6° 2(A2) Z(y'
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Maximum Likelthood Estimation - Exponential

Solving for the estimated parameters yields

Z Ve
Z e—bx \ No analytic

solution.
Z X. yI / Need
4 — L numerical

Solution.

ine‘ B
i=1
2 1< A ~—bx \2
o —HZ(yi_ae )
i=1
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Maximum Likelthood Estimation - Exponential
Since we had to numerically maximize the likelinood,
we do not have “nice” formulas

for the mean and variance of

(a,b,O'Z)
aandb that minimizezn: d?
i=1

6% — %Z(yi —ae™)?
I=1

\0 5
0 r r r r
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Outline
 Hypothesis Testing

* Likelihood Ratio Test (LRT) Background
Unconstrained and Constrained Maximization

 LRT Examples
Mean, Linear Regression, Difference in 2 Means,
Analysis of Variance (ANOVA)
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Hypothesis Testing

Steps in Hypothesis testing.
Step 1: Set up hypotheses (state Hy and H,). Select a.

Step 2. Select appropriate test statistic.
Step 3. Generate decision rule.
Step 4. Compute test statistic.

Step 5: Draw a conclusion about H, by comparing test
statistic in Step 4 to decision rule in Step 3.
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Hypothesis Testing

Id
Example: Population mean. Y; = 4+¢;, & ~N(0,0° )

1=1,...,n
Step 1. Hypotheses.  Hg: u=ugy, Hy: pu#uy. a=0.05
vV — i =100
Step 2: Test statistic. t = Y~ H - ﬂro] -5
s/~/n

Step 3. Generate decision rule. Reject H, if [t)>t,,(n-1).

Step 4: Compute test statistic. t=3.14  "® tos2(4) =2.776

Step 5: Draw a conclusion. Since 3.14 > 2.7/76, reject H,,.
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Likelihood Ratio Test - Background

The LRT procedure involves: Y;,...,Y, iid from f,(y|&)

1) Writing the likelihood function of the observations.
L(g):HfY(y| |9) HZ(H,,Hp)
1=1

and this can be done instead with the log likelihood.

Recall we discussed max

LL(O) = Z log(f, (v, |6)) E of LL(9) instead of L(6).
=1
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Likelihood Ratio Test - Background

2) Maximizing the log likelihood wrt 8 assuming H, is true.

H.: g(0) # 6,
subject to

m"’t‘xe L(Q) constraint —> é — é(yl""’ yn)
wr that H, true

Since 6 has no constraints it can be any value (except 6,).

The |Og likelihood LL(Hl H 1) — LL(H) We actually
fudge a little
and maximize
with 6, a

This may require numerical maximization. possibility.
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Likelihood Ratio Test - Background

3) Maximizing the log likelihood wrt 8 assuming H, is true.

Ho: 9(0) = 0,
max subject .to ~ o~
it L(0) constraint —> O=06(Y,,...,Y,)

that H, true

Since 6 has constraints on it, we incorporate into LL(&)

The log likelihood LL(@|H ,)=LL(O)+5(9(8)—-6,)

L T ™
. : . o agrangeé  constraint
This may require numerical maximization. Multiplier



Marquette University MSCS6010

Likelihood Ratio Test - Background

4) Inserting values back in likelihoods and taking the ratio.
L(9)
A=—=5 0<A<1
@) note .
Since 1 is a function of the data é(yl,---,yn), 9(y1,...,yn)
It Is a statistic and has a distribution.

The interpretation is: —s Need to find cutoff ¢ so that
4 =1H,is true. c< a1<1 Do notreject Hg
4 =0 H; Is true. 0<A<c Reject H,.
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Likelihood Ratio Test - Background
5) Test statistic and its distribution.

In large samples (and under mild regularity conditions)
2
—2log(d) ~x" ()

with r equal to the difference in the number of constrained

parameters between H, and H;.

However, algebra can often be done to find a “nice” statistic.

This method often leads to usual y?, F, and t statistics.
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LRT Example - Mean

iid

Example: ¥, = ¢ +¢& , where & ~N(0,0%), i=1..,n
0=(u, 0% )’
0)=C0
Ho: u=uy, 02>0 Vs Hy: u#uy, 0%>0 ?3(:21’0)
6 o=t

1) Writing the likelihood function of the observations.

— clyziznl:(yi—ﬂ)z}

L(u,0°)= (2nc*)"'* ex

The log Likelihood is:
LL(u,o )———|Og(27z )——

Z@ — ¥
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LRT Example - Linear Regression

Example:y =X 3 +&, where ¢ ~ N(0,6°1 ).

H,: CB=y, 02>0 vs H,: Cp# vy, 32>0 ﬁ;()ﬂoagﬂq)’
. , 18-

.e. p=(Bo,p1)", C=(0,1), y=0 for c=(0,...1)
Ho: =0, 02>0 vs H: 5;#0, 02>0 7=0

1) Writing the likelihood function of the observations.

L(B.0%) = (2707 )" exr{—ziz - X5) xm}
The log Likelihood is:
LL(B,0%) = —2 log(277) — g log(c2) —

212 (Y= XB)(y - X )
O
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LRT Example - Difference in Means

iid -
Example: Yi=t4+&;  &,~N(@007) | =L...n
id

Yoj = My + &y 82j~N(O,O'§) ]=1...n,

Ho: ua=uo vs Hy iy,

1) Writing the likelihood function of the observations.

n 1 i(y % n, -— nZz(y 1)’
-1 T2, it -2 T, 2 2 2
L(ILL_I_,G]_Z,,L!Z,GZZ) _ (272_012) 2 e 201 3 (272_022) 2 e 02 j=1
The log Likelihood is:
LL(u,0%) = =222 log(27) ~ *log(o7) — 2 log(o?)

1 & 1 &
2 Z(yli _/“L_I_)2 T 2 Z(ylj _/“12)2

20, O 20, =




Marquette University MSCS6010

LRT Example - ANOVA 2 _ 2 _ 2 _ 2

01 :GZ :GS =0
ld .
Example: Yi =4 +&; &, ~N(0,0°) i=1,..,Nn
iid ]
yzj:ﬂ2+82j 82j~N(O,O-2) J:11"'1n2
iid , k=1 n
Yoy =M+ E3 & ~N(0,07) yeenally
r =3 populations

Ho: u=ts=13=u vs H;: means not all same

1) Writing the likelihood function of the observations.
2 2 5 L _zigi(ﬁi—ﬂl)z
L('u”l’al’:uwgz |H1):(27TG ) 2@ °7 =

1 & 2 1 <
Ny =) (Vo) Ny N (Ya—tag)?
2024 :
x(2nc?®) 2e (27c°) 2e *7 4
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Outline

* Bi(Multi)variate Normal Distribution
* Wishart Distribution

* Multivariate Student t

e Matrix Normal and Matrix T



Marquette University MSCS6010

Bivariate Normal Distribution

If a random variable x has a normal distribution with
2x1

mean vector x4 and variance-covariance matrix X, then

2x1 mean vector mean vector
L (k)= (x-0) S
_ —p/2 ~1/2 o o\ - _
F(X| 1,) = (27) P2 e o p=2
covariance matrix
covariance matrix z > O
/rset of pos

def matrices

and we write X1 N(,2) . The covariance matrix Y, has to
2><2

,\ ™ covariance matrix
mean vector

be of full rank.
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Bivariate Normal Distribution 2=B(x— 1)

The distribution of vector variable x (joint of x; and x,) Is
2x1

Ty (x]0) = 1, (2(x))x| I (z > X)|

1 1
__( _O)I(In) ( _0) = — =
f(Z)=(27Z')_2/2| |n|—1/2e 22 z -J B

1
fo (x| 4,2) = (27) 221,17 & 2

1
p
f (x| 1,2) = 27)**|2["* e 2 X, ueR
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Bivariate Normal Distribution

Theorem:
If x Is a 2-D (or p-D) random variable from f(x|«,X), with

E(x|u,2)=p
var(x |u,2)=2%

then we form y = AX+ 0 where dimensions match

and A full row rank (A: rxp, r<p), then
E(y|lu,Z,0,A)=Au+o

var(y | u,2,A)= AZA" .
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Bivariate Normal Distribution

Z
Obtain 2-D standard normal variates Z = zl by transforming
2%x1 )

two independent standard uniform random variates u, and u,.

0.2 ‘ o
BlvarlatekNormal ;3 I

015

10004

soa .

5 -
z z, 2 Z

First half of 10° standard normal variates as z,'s and second
half as z,'s. Produce 5x10° statistically independent z's.

D.B. Rowe
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Bivariate Normal Distribution (3) (3 zj
“=lg] 7|2 4
Multiplied 5%10° simulated z's by A and added u. 0=0.58
The y's are now N(x, Z—AA) Choleszy_ 17321 0
o VAL S _(1.1547 1.6330)
""" : ”,Blvarlate-Normal
T I e : Marginal -
.................. Normal -
0 : !
& Marginal -
5 Normal -

10

3 0
¥a
Cross >
.8 Rowe
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Bivariate Normal Distribution

Theorem:
If X, and x, are independent 2-D (or any D) RVs with

E(X | 14,2)= 1, ECG | 1.2,)= 1,
var(x, | .2,)=2, var(x, |, ,2,)=2%,

thenifwelet y=(X+X,)/2,

EQY 24,20, 00,,2,)= (uy+ p1,) [ 2

var(y |4 2 4, X,)= €, +2,) /4
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Bivariate Normal Distribution

Theorem:

If X4,...,X, are independent 2-D (or any D) RVs with
B0 1a2) = p 1=1,...,n

var(x. |p,2)=2%

thenifwe let X=(X+--+x)/n,
E(X|u,2)=u If X’s are normal, then

X~N(u,XZ/n).
var(X |u,2)=2 In
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Bivariate Normal Distribution

If X4,...,%, are IID N(«,X) 2-D (or any D) RVs and
X=(X+-+X)/n~N(uX/n)

then
1

f (X|1,2)=2x)"*|Z/n|"e 2

(X—) (ZIn) " (X-p)
Also note that
nl/22—1/2(x . lLl) - N (O, |2 ) 2—1/2 _ A—l _ B

Estimate X by > = n”ZZ(xi —X)'(Xx. —X).

=1
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WlShart DlStrl bUtlon Multivariate version of

gammadistribution.

A random pxp matrix variatep% follows the Wishart

distribution with scale matrix ~ and v df denoted G ~ng’v)

pXp pxp
v v—p-1 —ltr(Z_lG) G,Z>O
iff T(G|Z,v)=k,|Z]|?*G| * e? v>p+l
vp  p(p-1) _ velN
where Kk, =227 * HLFEH?)
L —
2 e 20
If p=1,f(g|c°,v)= J
p=1,1(910" )= T

Gammadistby aa=v /2 , Chi-square by Y=0 o®
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Wishart Distribution

i vepl Ly (=)

fGIZV)=k,IZ|?G| 2 e?

VP p(p-1) I
L2t T v+l-

The mean, variance, and covariance of elements are
E(G|Z,v)=1Z
2
Var(Gij Zv)=v (Zij +2,2 jj)

CoV(GGy [Z )=V EZ + X% )
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Wishart Distribution

We obtain a (singular) W(X,1) variate G, by transforming a
centered normal vector variate z, = (X, — ) via G, = 2,7,
and a W (Z,n) variate by G = Zzizi’ . If the mean vector

I=1

IS not known, then we can estimate it and lose one df.

: v, S Y
206 =) (% = 1) = 2 (% =X)'(% =X) +n(X =)' (X - p)
N ~ ,Y PN ~ / W(Z,l)?fs,ingular
W (Z,n),n>p \ W (Z,n-1),n-1>p
add and subtract
X in parentheses Let p=1 and get o2 times y? result.
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Wishart Distribution

Theorem:
If G Is a pxp random matrix variable from f(G|Z,v), with

4 v=p-l —ltr(Z‘lG)

f(GIZv)=ky|Z] 2G| 2 e?
then if we form Q = AGA" where dimensions match
and A full row rank (A: rxp, r<p), then Q ~W(A = AZA'\v)
E(G|Av)=VA
2
Var(Qij Av)=v (Aij +AA jj)
COV(GiijI Av)=v(;A aTAA jk) _
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Wishart Distribution

. 3
Took 5x104 sets of n=10 variates x, subtracted mean u :(SJ
from each set, transpose multiplied each value, added the

10 values in set to form each G. The G’s are nowW (Z,v=n).
3 2
E(G|Ev) =12 V=10 zz(z 4)

varG; [Zv)=vE;+Z,2 ;)

CoV(GGy [Z V)=V EZ 1+ X% )
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Wishart Distribution (3) (3 2)
H= 2=

5 2 4
The G's, G = (x— 1) (x— ) are nowW(z,v)." , ~19

0 0
10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40
) ) 1)
G(1,1)’s G(2,2)’s G(1,2)’s

(30 20 o (180 160

COV(G,Gy [ )=V €, +3 2 )~ 80,120,160

11,22 1112 2212« ikl
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Wishart Distribution

Took 5x%10% sets of n=10 variates X, subtracted mean X
from each set, transpose multiplied each value, added the

10 values to form each G,. The G,’s are now W(Z,v=n-1).

E(G|Z,v)=1Z =9 Y- 3 2
2 4

varG; |Zv)=vE; +Z.Z ;)

CoV(GGy [Z W)=V EZ 1+ X% )
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Toggle with
Nextslide

2

Wishart Distribution (3) s (3 2)
lu: —

4

The G;'s, G, =(x—X)'(x—X) are nowW(Z,v). -9

0 0
G, (1,1)'s G, (2,2)’s G,(1.2)s

(27 18 B 5 (162 144
E(GZ|Z,V)=VZ—(18 36] Var(GZij |Z’V)_V(2ij+2iizjj)_[144 288j

COV(GZijGZkI |2, v) = V(Ziijl T zilzjk) = 72,108,144

11,22 11,12 2212 <« i}k
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Wishart Distribution (3) (3 2)
H= 2=

5 2 4
The G’s, G =(x—u)'(x—u) arenowW(Z,v). ,, =10

0 0
10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40
) ) 1)
G(1,1)’s G(2,2)’s G(1,2)’s

(30 20 o (180 160

COV(G,Gy [ )=V €, +3 2 )~ 80,120,160

11,22 1112 2212« ikl
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Multivariate Student-t Distribution

A 2-D (p=2) random vector variate t follows a standard
px1

Student t distribution with v df denotedp’af t(v) iff

f(t|v)= F(V;p) L
T W15 , where teR? , veN.
(vz)2T (%) [1+3t't] y " e

The mean and variance of t are

E(t|v)=0

ox1 var(t|v) = Y

y—2 P
pxp

v>1 v>2
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Multivariate Student-t Distribution

We obtain a standard t(v=n-1) variate t by transforming a
normal 2-D (p-D) random variate X and a Wishart

random matrix variate G that are independent

{ nllzvllsz_ 1/2(Y 7)) Yl~ N(z,2 /n) G2 ~W(Z,v)
= pX X
V G, "

The original variables in terms of the new variables

X(LV) ) (n AR 4 )
G,(tV)) V
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Multivariate Student-t Distribution

The joint distribution of (t,V) can be obtained as
fV|w2Zv)=1(X{EV),G,EV))x|I(X,G, >tV)|

The Jacobiah of the transformation Is

| J(X,G, > tV)E n Y4, Yayz

The joint PDF of (t,V) is
p(t.V |Z.v) =(27v) Pk, |Z[FIV [

The distribution of t can be found by integrating out V

(reitp-t ——trZ_j\/(Ip+;1tt')

( V+p ) 1
. 2 After integration use
f(tlv)=—— ]

(v2)T (%) [1+1t't] - [+ Lt |1+ 2t
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Multivariate Student-t Distribution

~ N(u,Z/n)
~  N(O,I)

~ WE,n-1)

= S

Recall <

<0 nl/ZZ—l/Z(Y . ﬂ)

also ;(X‘ =X) (% =%)

thus (n—l)Z“{(nl_l)Zn:(xi -X)(x —7)}(21’2)' ~ W (-1
1 < N _

- ERACEIICEY

finally [(n _1)8]—1/2 M2(% — 1)
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Multivariate Student-t Distribution (3) : (3 2]
lL[ = =
5 2 4
Take sample mean X from each 5x104 sets of 10 variates,
subtracted u from each set, premultlplled the 5x104 centered

normal varlates bv the 5x10* [(n— 1)8] N2 (X — w)

1500,_,2..--~~"" t(V 9) Marginal
: : : Studentt
1000 e i]
500 .,c,‘:;»
T1[1145 Marginal
il Studentt
0-55 i
t

2 t,

2000 |- i
1500 |- B
1000 |- i
s00 |- i
o5 -a -3 -2 -1 o 1 2 3 a 5
T
D.B. Rowe
. .
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Multivariate Student-t Distribution

A 2-D (p=2) random vector variate s follows a general
px1

Student t distribution with location 4 and scale £ and df v
S~t(v, 1, 2) px1 pxp
F v+p 1
f(s|v, 4 3) = (pz) : =
(vr)2T(5) [ 1+ E6- )T (s -4 |

where S,ucR” veN, £>0.

The mean and variance of s are

EClviud) =4 1 var(s|v, u,X) = X y>2
px1 V—2 pXxp

v
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Multivariate Distributions

We can also perform hypothesis tests.

Single mean H_ :u=p, VSH,: u# u,

px1  pxl px1  pxl
Two Means H, ity =, VSH 1y # 14,
px1  pxd px1  pxd

MANOVA  H, =, =1, vsH, : u's notall equal
px1  px1  pxl

@Dxp L
Multivariate Regression Y =X B+E  B=(X'X)"X'Y

nxp nx(g+1) nxp AN, A
S=—L(Y-XB)'(Y - XB)
H, :X =diagonal vs H, : X = diagonal

pxp pPxp pxp Pxp
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Take home Exam posted tomorrow!




