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RATIOS OF NORMAL VARTABLES AND RATIOS OF SUMS
OF UNIFORM VARIABLES

GEOrRGE MaRrsagLia
Boeing Scientific Research Laboratories

The principal part of this paper is devoted to the study of the dis-
tribution and density functions of the ratio of two normal random
variables. It gives several representations of the distribution function
in terms of the vivariate normal distribution and Nicholson’s V fune-
tion, both of which have been extensively studied, and for which tables
2 and computational procedures are readily available, One of these
: representations leads to an easy derivation of the density function in
terms of the Cauchy density and the normal density and integral, A
number of graphs of the possible shapes of the density are given, to-
gether with an indication of when the density is unimodal or bimodal.

The last part of the paper discusses the distribution of the ratio
(- Fu) /(o - - - +vm) where the ¥’s and ¢'s are independent,
uniform variables. The exact distribution for all n and m is given, and
some approximations discussed,

1. INTRODUCTION

‘his paper, [2], on the ratios of arbitrary variates, and papers by Fieller [4],

[ snd Geary [5], all of which are quite old. It might be thought that the subject

1s g0 simple that it was considered long ago, then dropped, but this is not quite
the case. Unless the means are zero, where one easily gets the Cauchy dis-
tribution, the distribution of the ratio of normal variables does not respond
adily to the devices that work so well for other important quotients in
statistics, e.g., those of ¢, z, or F. Curtiss remarks that it is apparently im-
possible to evaluate the density in closed form, a rather vague statement. We
ill derive the exact density of the ratio of two arbitrary normal variates by
hat might be called modern methods—not in the sense of using powerful
1ew techniques, but merely by using properties of distributions that have been

8 the product of a Cauchy density and a factor involving the normal density
i a closed expression (equation (5)
available a number of methods for
handling the functions associated with the distribution and density of the
we may study them in detail.

E Aside from its frequent occurrence in problems involving the ratio of meas-
-E, quantities with a random, presumably normal, error, the problem of the
1840 of normg] variates is of importance in regression theory. In fitting a line
40 points @1 1), - - - y (@4, ), the 2’s assumed constant and the y’s inde-

by Ident normal with E(y,) = a+4Bz;, one gets & and § as estimates of « and 8
VY least ervirnwan To f A R o "

a L oo oy 'y




194 AMERICAN STATISTICAL ASSOCTATION JOURNAL, MARCH 105, RATIOS OF NORMAL, AND OF SUMS OF, UNIFORM VARI
) ' ABLES 195

with those measures, particularly the bivariate normal distribution funecti
on
Lk, k, p) = P[g > h, n > k]

where £ and 7 are standard normal with ;
Nicholson [11]: covariance p, and the V function of

line in the form —a&/B, and thus the problem of the ratio of normal Variateﬁ"
arises.

The following example of this problem occurs in medicine: in order to eg.
timate the life span of the circulating red blood cells of a subject, a numbey gf'
his red cells are labelled and then, by some means or other, the number of f
labelled cells still in the circulation is sampled, say, every 5 days for 50 days "5
This gives a sequence of points which are plotted and fitted with a straight
line; the point where the line intercepts the time axis is used as the estimate "J'
of the red cell life span. It is important to know the distribution of this estimate g
about its true value—the normal red cell life span is about 120 days and"
shortened life spans are associated with various hematological disorders, mogt

& qzlh
v, o =f.,  $@e)dyda,

where ¢ is the standard normal density. We have

Plw < 1] =P[a+x<t(b—f-y),b—i—y>0]+P[a+x>t(b—!—y) b+ y <0]
Pl—z+ty>a—bty> —b+Pla—ty>—a+bty > b]

a— bt {

e vk +L(x/1+zf . \/m)
Then using the elementary properti
ample, the NBS table [10], p. vlzi)i tes of the L and V' func

L(—h, =k, p) = L(h, k, p) +f ¢(x)dx +fk¢'($)dz

of them severe.
We will discuss the distribution and density of the ratio of two normal ran. |

dom variables in Section 2. In Section 4 we will discuss the distribution of ratiog &}
of the form (ui+ - - )/ (i - FUm) where the u
pendent uniform variables; a recent paper, Locker and Perry [8], on this dig L
tribution for n=m=2 led to its being considered here. We will find the exact
distribution for all n and m, and examine the closeness of the normal approxi-
mation. On the way to finding the distribution of (ui+ « « = +un)/ @1t - -0

+v,,) we will need the distribution of a linear combination of uniform variates: |
some comments on this distribution and its history are in Section 3. i By

tions (see, for ex-

L(_h: _k: .0) + LUL, k: p) = 2V (h M) h — ok
O¥ae=y +2V("‘**—ITP;)

1 sin—! p
-I- —
3 s

2. RATIOS OF NORMAL VARIABLES

We are concerned with the distribution of the ratio of two normal random
variables. The problem has been discussed in the past, [2, 4, 5]. We will bring
the problem up to date in this Section—give an explicit representation of the |
distribution in terms of what are now familiar functions, and discuss in more |
detail some of the properties of the distribution. .

Let

2
™

we have several representations of

F(x)=p[“+“' .
b+y<{l'

a-t+
w =
b+y

; — bt ;
F(t) = L(*__“ ,—p b ) —a + bt "
- vite Tyife +L(\/1+zz’b’\/1_?ﬁ)s 2)

: = t—a) /v 2 =
F(g) __,j;(b WY+ ¢(x)d$+f ¢,($)dx+2L( bt_‘a, b ___L_
. vite "vixe) @

I 1
F(‘)=§~+—tan—1t+gy(bt_a, b+ at . g
i Vite vige) "G @

&) tar, [9], [10], and [13]. Thi
i » 190 ) & . This last
_&d formulas for the function st reference, by D. B. Owen, also gives tables

where a, b are non-negative constants and z, y are independent standard n'('_i.'. :
mal random variables. It is easy to see that if w'= i
trary normal random variables, correlated or not, then there are constants '
and ¢» such that ¢;+caw’ has the same distribution as w. It thus suffices t%!
study the distribution of (1); translations and changes of scale will provide the*
distributions of the general ratio /Y1 ¥
The set of points (z, y) for which

at =z
b+y B
is a region bounded by straight lines, and the normal probability measures o

such regions have been extensively studied in the past few years. We sh
1 ablp tn oypress the distribution of w in terms of functions assoCia%

<t

Th,\) = 2r)"'tan~'\ — V(}
which for some -

~ Wh

. .




196 AMERICAN STATISTICAL ASSOCIATION JOURNAL, MARCH 1985 ATIOS OF NORMAL, AND OF SUMS OF, UNIFORM VARIABLES 107

0, so that B
(bt=a) VT8 (bt—a) V12
P[“ 18 t:l = —;— + f (2)dx = f o(@)dz
b ‘I" y 0 —

provides very good numerical approximations to F(?),
formation that
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plus the additional iy

(bw — a)/+/1+ w?

i roximately normally distributed. ) '
B ‘?‘Fi;l;re is no need to go through complicated arguments involving the L

V functions in order to derive this approximatior}, hqwaver; 1? follows direct]
from the assumption that b4y >0. In many a.pphc.atmns one is more sure tha .
the denominator of the ratio is positive tha:n one is of the n'ormahty of z and’
y, so that the exact distribution of the ratio of n{_era:1 variates may not g

p’roximate the practical ratio as well as the approximation given by

rb:—a)f‘q::?
P[a+$<t]§P[a+m<bt+ytJ=f ¢(z)dz.
b4y —w

Now we turn to the density of (a+x)/(b+y). Let

134X
¥

3

=

o
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3P £ E| 3

%i :
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134% 134y 3134% 434X 51341
B 7 HET TET i

bt =_b__+_{E_, h=i=b+at X HICH 3134x 130 s .
h=Txe 1T vite R ob—at (8 1
Using primes to indicate differentiation with respect to ¢, so that = g¢/(1 :__ it - —l —JL —ZL —ﬂ—/—L -AL
N = — (a24-b?)/ (bt—a)?, we differentiate (4) to geb e 2131 31340 it e i

3
—~
\_§
>
\
r

1 a o il
e I DR s)dy + 2\ | zé(x)p(\z)dz.
& =F A+ + 2h'¢( )fu ) fu

L.&L_&

Integrating the last term and simplifying, we get this form for (), the densiﬁ :: . - - " ”
function of the ratio g |
at+ i‘ E _JL _4¥ _JL
bty o o " - m:f!g
— .6 (a*+b%) q q ( )d b + at
D= —N14—| oWy, ¢=—F=5"
j0 (1 + 32)[ #(@) Yo V914t ; n

o
U

4

| :'

Figure 1 shows f(¢), the density of (a+2z)/(b+y), for _va.rious values of_ a 9.1;_ &
b. The curves in Figure 1 were drawn by a computer; it also drew the 1den_ g

fication for each density in the form

atzx 2
b+ y ! TEG positive a, b quadrant may be divided into two regions according to
- , i ¢ o and bl . Whether the density of (a-+z)/(b+y) is unimodal or bimodal, as in Tigure 2,
where a is a multiple of § and b a I?.ﬂu'lt“-ple of %. 'I"he valucs d “h a4 ;'-._'I_'h& curve that determines the two regions is asymptotic to a=22.257. Thus
chosen so as to give a rough indication of the possible shapes of the de a When a>2.257, the density of (a+4z)/(b-+y) is bimodal, even though it may
o feda (EY Ae wan pan see. some unusual shapes are encoun 10t appear sn. Wor examnle the density of (10642 /(106410 2 and 7 inde.

Fia. 1. Graphs of the density of (a+z)/(b+y), where a>0, b>0 and z, y are inde-
| pendent, standard normal random variables. The formula for the density is in equation
| (8. Values a =0/3, 1/3,+++,6/3 and b=0/8, 1/8, - - -, 8/8 were chosen so as to rep-
- | reent the possible shapes of the density function.
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A 2 -" = ay be expressed in terms of the bivariate normal distribution, or Nicholson’s
7 function in several ways—formulas (2), (3), and (4) above.
6
8, When b is large, say b> 3, then
(bw — a)/+/1+ w?
5 { = proximately normally distributed, and
a+z (bi—a) W1+
P[waJ=P[ S{IEI ¢ (w)du.
4 b+y -
b If (a, b) is In 4, The density of
this region, the 1f (a, b) is in this region, a+z
3 density of % the density of %:—; is bimodal bty
is unimodal. ) o '
is given by formula (5). This density is plotted for various a and b is Figure 1.
2 5. The density of
a+z
b+y
] - jsunimodal or bimodal according to the region of Figure 2 in which (a, b) lies.
‘When a>2.257, the density is bimodal, although one of the modes may be in-
significant.
0 1 2 3 4 5 6 "3 3. THE DISTRIBUTION OF Cili1+ + - » +Colin
a Letuy, - - -+, us be independent random variables, each uniformly distributed

Fra. 2. The density of (a+z)/(b+y) is unimodal or bimodal according to the region f OVer the int.ervail (0, 1). In the next Section we will need the distribution of a
~ linear contribution of the u’s,

of the positive quadrant in which the point (a, b) falls.
: CiU1 + oz + - - -+ Calln (6)

pendent standard normal, would appear to be a single spike at (=1, but T ~ with the ¢’s positive. The general linear form in the s can readily be reduced
fact it has another mode somewhere in the vicinity of t= —10™. | to(6), for example

We conclude this Section with a summary. Sur — 2us + 5us

Summary of the Properties of the Ratio w=(a+x)/(b+y), where = and y | Ih’as the same distribution as
i 3uy — 2(1 — ug) + Sus = 3wy + 2us + Sus — 2,

I'ndependent Standard Normal and a20, b>0.
. since 1—u, has the same distribution as us.

a-t x
}  There have been a number of discussions of the distribution of (6) in the

w =
b+y '
 literature—the problem (for equal ¢’s) dates back to Laplace [7], who solved

1. If w’ =z,/y: is the ratio of any two jointly noanall var'ia,bles, then there _...:- | 1tas a limiting form of the discrete case,! and, again with equal ¢’s, the result
constants ¢; and ¢ so that ¢;-+cyw’ has the same distribution as w. :

a1 8 in standard textbooks, e.g., Uspensky [17], who inverted the characteristic

> where a>0,b>0,

| 8 l'I‘lfa discrete case of the problem, which may be viewed as the problem of finding the sum on n *dice,” each
x h“ns_n certain number of faces, has an even more curious history. In 1710, Montmort solved the problem
y equal dice, as did DeMoivre in 1711, Simpson in 1740, LaGrange around 1770, and LaPlace in 1774, Mont-

' mm;ltbtempted. but did not solve, the problem of unequal dice. See Todhunter's History [16], Articles 148, 149, 364,
\ D87,

2. The distribution of w, say

0 =P[:i—;<t:|,




7108 OF NORMAL, AND OF SUMS OF, UNIFORM VARIABLES 201

fhm,for0<a<61+ R
Fu(a) = ga(a) — E_gn(a —¢) + Z gul@ — c; — ¢j)
3 +<j

— 2 thla—ci—ci—c)+ -,

i<j<k
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function, and Cramér [1], proof by successive convolution. For unequa] ,
the result was given by Olds [12], and the distribution appeared as a proba
on volumes, [3], with subsequent remarks on its proof—particularly a dey,
opment of Schoenberg [15], using recursive relations for spline curves. M
recently, Roach [14], offered a geometric argument.

Thus the problem is now well known, and it is not particularly diffiey
although notational difficulties, plus the fact that the problem may be viey
as one of probability, geometry, or spline functions, have led to a variety g
proofs. e

Roughly, the distribution of ¢;u1+ - - - +equ, may be described as follows,
Let S be the set of all 2» numbers which can be formed as a sum of different C’s;"

Sz{olcli“':cn}cl+62,"',C].“I“"“I“C,J.

The theorem may be easily proved by induction, using the elementary re-

sults:
en+1
f F.(a — 2)dz
0

Fogr (a) =
Cag1

- A d
Then

1 f Gl — 2)dz = guss(®) — guralb — cuss).

P[clul—i-""'l"cnu'n(a]:—""—_ Z -_}-(a_s))l’

n!0152 ot *Cp se8,5<a

Cat1

' . )} When the ¢’s are all equal to 1, the result takes the following form:
the -+ or — being according to whether there are an even or odd number of |

N ; - 1
¢’s used to form s. For example, Plus+ -+ -+ ua < a] = EI: n— (?D (@a—1)"+ (:) (@a—2)»- .. :I’
1 & !
PQui+3us+8us <7 =——[M—-T—-22—-(7T—-3°+ ({7 -5)]
@ : : ] 31(48) [ ( "2 where the terms are taken as long as a, a—1, a—2, - - -, are positive. Mare
and formally, for 0<a<n, and with the greatest integer notation,
1 [l
Plus+ -+ - +un < a] = — 3 (=1)ia — i)~

Nl =0

ur+ -+ U,
2 e

1 : E.
P[2us + 3us + 8us < 12] = TP [12¢ — (12 — 2)* — (12 - 3)* — (12 - Q)@

+ (12 = 5)* + (12 — 10)* + (12 — 11)%].
Note also that the distribution of 2u;-+3us+8us is symmetric (any ine] _ffﬁ..

combination of independent symmetric random variables is symmetric), and ||
that, rather than compute expression (7), one might consider i

4. THE DISTRIBUTION OF

| B8 Pef. Ui, Ug, * * *, Us, V1, * * -, Uy be independent random variables, each
I uniform over (0, 1). We want the distribution of

P[2uy + 3uz 4 8us < 12] = P[2(1 — wy) + 3(1 — ws) + 8(1 — ug) < 12 & PR e e

31(48) o

| The distribution of (8) is of interest in studyi ; - ion i
. O i ying round-off
We may formally describe the distribution of ciui+ -+ - +¢autn 88 fo]low§ | numerical analysis, see references [6], [18]. Tlgle particulailE{;.Is’ep:::p——-afimzoﬁvg

1
=P[2u1+3u2+81&3>1]=1——-—-——. (8)

Theorem 1. Let uy, us, us, * = + , Un be independent random variables, each “ﬂ “;Orked ot In defatl i_n reference [8]. We will find the distribution of (8) for
formly distributed over the interval. (0, 1), and let ci, ¢, - - - , ¢ be positive ;: ._ a’l*n ar-xd m, by a.pp%ymg. the results of the previous Section, and will, in addi-
wiurds: Tot : 3 fion, discuss approximations to the distribution.

Since 1—v;, is distributed ;
Fu(a) = Probleu + - - - + caun < al et s v e e

Tt j ot
P[l Uu <a]=P[ u + +un <a]
P T+ +0—m

=Plur+ - - - +ua + avy + avs + - - - + av,, < mal

and let

0 if x <0,
ga(2) = z"

Bl 2,
nlecs + - - Ca

| and hence a direct application of Theorem 1 gives (after a little thought about
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how the terms combine): =
Uyt et Un
P <a
Ul+"'+vm i
1 (ma] [(ma—i)/a] n\ /m
pIRD (~1)‘+J(£)(J.) [m — fa — ] &

- (n 4 m)la™ <o j=0

005 +

004

003

Tor example, 002 |

p 5 T el - o1 : 001 f
[vl 4o+ vs = '9] T 121(.9)° :

O[C)as-C)eor+ (en-Gas+ Qo] f N

Oesr-Qoos Qore Q] § =
Lo~ Qo+ (o]

-004
-G eor -G
Q)]

The variate (w14 - - - +ua)/ (@14 - - - +v,,) is approximately a i .
. 4 5 bt 1 tt
independent normal variables, and the discussion of Section 2 should apply, it is not too difficult to calculate the ¢

We may derive a good normal approximation directly, however, writing | P[ul R 5 Y = ]
: e S
wy+ -0t Ua e Vit -t
P[ <G]=P[u1+"'+Nn+61’1+"-+aum<mﬂ],*r. - .
B STy
(ﬂ + m)f - 1 (m

vit Tt Um
and for b>n,

Since the sum on the right is approximately normal with mean .5[n+ma]
variance (a?m-+n)/12, we have

P\:m-i- s Un <a1g¢[\/§(am-—n)]. P[ul-[— cedoy, -
v+t m Vam+n - U S R

Figure 3 gives some indication of the merits of this approximation. The

(n +m)! , _(1)(n

pi- | uE::’}mne supplementary references: The
#| Ueful references on the ratio of norm

function plotted is

v ow s \/S(aﬂl—n)f¢=em+n
error (z) = P[u] i . < :.r:] - f o(t)dt
v+ -+ tm = 5 which deals with the rati ;
for m=n=3, 4, 5, 6, 8, 10. The shapes of these error curves are similar, bel § equation (5) of this ;?timl for a fiducia
stretehed and flattened as n and m get large; their shapes resemble those of i} Eisenhart and Zelen [2 f]ﬁ e, and a sur
normal derivatives, suggesting that the first few terms of a Gram-Chariéf} the distribution of the r;t', p?ges 1-151
expansion would give even better approximations. ._' ‘.;_'(Equatim 19.157 of that 11'11:!1‘;?;;18% }‘:

T mmen it ie nenessary to zet the tail of the distribution with great precisiohf Proper relation p [Y/X<Z]=P [V <23
I 1 I —] <

—ud
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DESIGN FOR OPTIMAL PREDICTION
IN SIMPLE LINEAR REGRESSION*

D. W. Gavror anp H, C. SwEENY
Research Triangle Institute

Allocation of experimental data points is considered in order to
provide efficient prediction of the dependent variable in simple linear
regression. The region of experimental points is taken such that it need
not coincide with the region for prediction where the regression is
linear. The allocation which minimizes the maximum variance for a
predicted value of the dependent variable is obtained, The allocation of
experimental data points which minimizes the average variance of pre-
dicted values, oceurring according to a density function in the region
of prediction, is derived. The relative efficiency of balanced allocation
(one-half of the data points at each end of the experimental region) to
minimax or minimum average variance allocation is about 90 percent
for prediction near the ends of the experimental region with small
samples,

1. INTRODUCTION

) THE work in this paper concerns the selection of values of the independent

variable z which should be run in order to estimate a simple linear regres-
sion function in some optimal manner. It will be assumed that the purpose of
estimating the regression equation is to allow values of the dependent variable
y to be predicted at values of the independent variable which may not have
been run; this prediction may involve either interpolation or extrapolation.
Values of the independent variable used in establishing the regression function
will be denoted by z; values of the independent variable used in prediction
will be denoted by z. Tt is assumed that the values of the independent variable
z which may be used in establishing the regression funetion are bounded from
above and below; without loss of generality, these bounds may be taken to be
0<z<1. In similar fashion, it will be assumed that the values of the inde-
pendent variable z for which predictions are to be made are constrained to lie
in some interval <2< z,.

Optimal designs have been considered by Smith [7], de 1a Garza [3], Guest
[4], David and Arens [2] and Kiefer and Wolfowitz [6]; in these papers, the
experimental range of z exactly coincides with the range of interest of pre-
dicted values 2z: 20=0, 2;=1. Daniel and Heerema! [1] have considered the
problem of optimal spacing for linear extrapolation to a single value z outside
the range [0, 1]. The work reported herein generalizes the problem of optimum
allocation for prediction in any range of interest [2o, z;] which may be com-
Pletely within, partially within, or wholly outside the possible experimental

* Research work done under contract for the Research and Development Department, Union Carbide Chem-
icals Division, South Charleston, West Virginia.

! Hoel and Levine [5] have recently considered prediction in regions of the type 0 <z<twheret>ti>landtyisa
valye satisfying a certain equation.
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